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PREFACE. 



Bacok has made an observation to this effect-* that 
a man really possesses only that knowledge, which he 
in some sort creates for himself. To apply to in- 
' tellectual instruction the principle implied in these 
words was the aim of Pestalozzi. It is a principle 
admitting of yarious degrees, as well as mpdes of 
application, in the different branches of human know- 
ledge ; but in no one can it be more extensively ap- 
plied than in Geometry. That science is peculiarly 
the creation of the human mind, in which, independ- 
ent of external pature, and complete in its own re- 
sources, it builds up the aolid but airy fabric of its 
abstractions. It needs no laboratory to test its con- 
clusions, no observatory to obtain data for its cal- 
culations; rendering aid to other sciences, it asks 
none for itself. 

Hence, that teacher will act most in conformity 
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with the genuine character of the science, and con- 
sequently will render the study of it the most inter- 
esting and the most improving, who invites and trains 
his pupils to create the largest portion of it for them- 
selves. In Geometry, the master must not dogmatise, 
either in his own person or through the medium of 
his book ; but, he must lead his pupils to observe, to 
determine, to demonstrate for themselves. In order 
to accomplish this, he must study tlie intellectual 
process in the acquisition of original mathematical 
knowledge ; and having ascertained what are the con- 
ditions of successful investigation, he must so arrange 
his plan of instruction as that these conditions may be' 
perfectly supplied. He cannot fail to perceive that 
the leading requisites are a clear apprehension of the 
subject matter, and well-formed habits of mathemati- 
cal reasoning. To these must of course be added a 
familiar acquaintance with the science as far as it 
has been elaborated. The master, led by these 
considerations, will, in directing the first labours of his 
pupils, consider it as his especial aim, to enable them 
to form clear apprehensions of the subject matter of 
Geometry^ and then to develope the power of mathe- 
matical reasoning. Aware that clearness of appre- 
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hension can take place only when the idea to be 
fonned is proximate to some idea already clearly 
formed-— when the step, which the mind is required 
to take, is really the next in succession to the step 
already taken, he will commence his instruction 
exactly at that point where his pupils dready are, 
and in that manner which best accords with the mea* 
sure of their deyelopment. As his pupils are unaccus- 
tomed to pure abstractions, he will not commence 
with abstract definitions. But supposing them, through 
the medium of < Lessons on Objects' to have had their 
attention directed to the forms which matter assumes, 
he will present in his first lessons a transition from 
the promiscuous assemblage of forms to a particular 
group of them, consisting of the sphere, the cone, 
the pyramids, the prisms, and the five regular bodies. 
In conformity with the plan pursued in < Lessons on Ob- 
jects,' the pupils will examine these solids, state what 
V they perceive at the first glance, then by more close 
and attentive examination, directed by the master, 
discover and supply the deficiencies in their first 
perception, and afibrd him an occasion for con- 
necting their new ideas with adequate technical 
expressions* 

Ad 
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The master's next aim must be to cultivate the 
power of abstract mathematical reasoning. With a view 
to this end/ he may advantageously avail himself of 
the knowledge, obtained by the pupils from the solids, 
in the miuiner! above described. • Here, then, *he will 
lead them to deduce the necessary consequences from 
the facts which they know to be true, and then invite 
them to. examine the object and see whether their 
reasoning has led , to a correct result. Thus, if a 
child has ascertained and knows that, two sides of 
different planes are requisite to form an edge, and 
that a certain solid (an octahedron) is bounded by 
eight triangular planes, he will bb required to deter- 
mine from these data the number of edges which that 
solid has. He will reason thus: — Eight . triangular 
faces have twenty-four sides ; two sides form one 
edge: therefore, as many times as there are two 
sides in these twenty-four sides, so many edges that 
body must have, — that is, twelve edges. This result 
being obtained, the object is presented to him for 
examination, and he perceives by actual observation 
the truth of that conclusion at which he had arrived 
by abstract reasoning. 

Tliese lessons form the basis of the Introduction to 
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Geometry, and their results are, correct ideas of the 
subject matter of the subsequent lessons, adequate 
expressions- for these ideas, and sound knowledge of 
the definitions, which form the connecting link be- 
tween physical and abstract truths. 

In the former part of this work, a mode of ac- 
complishing these points is set forth: in the se- 
cond part, the further development of the power 
of abstract reasoning is connected with a direct pre- 
paration for the study of Euclid's Elements. That 
work exhibits a series of mathematical reasonings 
and deductions, arranged in the most perfect lo- 
gical order, so that the truths demonstrated rest, 
in necessary sequence, on the smallest possible num- 
ber of axioms and postulates. But, admirable as it 
may be in itself, viewed simply in relation to the 
science, it is not, viewed paedagogically, an element 
tary work. It is fitted for the matured, and not 
for the opening mind. The judicious teacher will 
desire to present to his pupils the subject matter of 
Euclid in such a mode and in such order as that in 
studying it the higher faculties of their minds may be 
most effectually exercised and improved. For thus 
only can the intellectual food be assimilated to the 
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intellect itself— -be received^ as it were* into its sub- 

stance» and nourish* and strengthen* and expand its 

powers. 

These Lessons on Form present a mode in which 

these principles are applied: other modes* perhaps 

better ones, may be arranged; — we but say with 

Horace* 

-— Si quid novisti rectios ittit 
Candidus imperd ; si non, hit utere mecam. 

It has been found in the actual use of these Les« 
sons for a considerable period* that a larger average 
number of pupils are brought to study the Mathe- 
matics with decided success* and that all pursue them 
in a superior muxmer. There is much less of mere 
mechanical committing to memory, of mere otiose 
admission and comprehension of demonstrations ready* 
made* and proportionably more of mdependent judg- 
ment and original reasoning. They not only learn 
Mathematics, but they become Mathematicians. 

Hence, when Euclid*s Elements and the higher 
branches of Mathematics are to be read* the pupils 
are found competent to demonstrate for themselves 
the greater part of the propositions* and have re- 
course to books only for occasional correction or im- 
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provement of their processes, and for fixing more 
firmly in their memory the results. 

These advantages arise from the application of a 
principle generally neglected in early education, but 
deserving of attentive consideration and universal 
adoption; namely, that "Every course of scientific 
instruction should be preceded by a preparatory 
course, arranged on psychological principles." First 

FORM'THE MIND, THEN FURNISH IT. 

C. Mayo. 
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LESSONS ON FORM, 

BEING AN 

INTRODUCTION TO GEOMETRY. 



LESSON I. 

The master places before his pupils « variety of 
objects, among which there should be (the following 
solids, viz.) the five regular solids, viz. several of the 
prisms and pyramids, the cylinder, the cone, and the 
sphere. 

Master, — I have set these objects before you, that 
you may find out some properties common to them 
all. Endeavour to discover them. 

(The answer of each pupil should be subjected to 
the consideration of the class, and be tried if in reality 
it equally applies to all objects.) 

Pupils. — These and all other objects occupy a 
space. 

M. — In how many directions does each extend ? 

P. — In three directions : in length, in breadth, and 
in depth. 

One of the pupils said, " and in thickness.'* 

M. (holding up a book.) — Which would you call 
the length of this book ? — Which is its breadth ? Does 

B 
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it extend in another direction ? — By what word will 
you describe it ? 

P.— Thickness. 

M. — Name an object of which it would be proper 
to say depth instead of thickness. 

P. — A well extends in length, in breadth, and in 
depth : so does the sea, a pond, a lake, a river. 

M. — Objects considered with reference to these 
three dimensions only are called soUtis, What other 
property have all solids in common ? 

P. — They are all bounded by a surface. 

M, (holding up a sphere and a jonm.)— In what 
does the surface of one of these objects chiefly differ 
from the surface of the otiier ? 

P. — The one is composed of several surfaces, and 
the other is bounded only by one curved surface. 

M. — In what does a surface consist? 

P, — In extension of length and breadth : a surface 
is the boundary of anything. 

M. — What happens if a surface be removed from an 
object? 

P. — A part of the object is likewise removed by 
removing a surface. 

M, — Is the object, by doing so, increased or de- 
creased ? 

P, — It is decreased. 

M. — In how many directions is it decreased ? 

P, — It is decreased either in length, or in breadth, 
or in thickness* 

if.^Can a surface exist without the object of 
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which it is a surface? Can you hold a surface in 
your hand without holding the object itself? 

jP.— No, 

On this question being asked, one of the pupils said, 
a shadow is a surface existing without a concomitant 
solid. The master will of course convince his pupils 
of the error, should a similar answer be given. 

ilf. {holding up a prism.) — What is meant by the 
surface of this object ? 

P. — 'The assemblage of the several surfaces which 
bound it. 

M, — If we wish to distinguish one of these several 
surfaces from the total number of surfaces, it is usual 
to call it one of its faces. Now state what may be 
said in general of the number of faces by which all 
objects are bounded. 

P, — All objects are bounded either by one face 
only, or by several faces. 

M. — Now examine more minutely the faces of these 
objects, and class those together which you think to 
have similar faces. 

The master should allow the pupils some time for 
arranging the objects before him into groups, until 
they have perceived that they may be classed pro- 
perly into three distinct groups; — the one compre- 
hending those which are bounded by plane faces ; the 
next, those that are bounded by plane and curved 
faces;. and lastly, those that have only one curved 
surface. 

jP. — All these objects are either bounded hy plane 

b2 
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facesy or by plane and curved faces, or by only one 
curved surface. 

M, — Now examine the boundaries of the faces of 
the first group you have menUoned. What do you 
observe ? 

P. — They are all straight lines. 

M. — And the boundaries of the other group ? 

P. — Curved lines and straight lines, or only curved 
lines. 

The substance of the lesson is then written on the 
school-slate by the master, and the pupils are required 
to commit it to memory. Thus : — 

1. All objects discernible by the senses are extend- 
ed in three dimensions : namely, in lengthy in breadtky 
and in depth or thickness, 

2. Objects considered with reference to these three 
dimensions are called solids. 

3. The surface of a solid is its length and breadth 
considered without reference to its depth. 

4. Every solid is bounded either by one mrface 
only, or by several ^c^. 

6. Solids are either bounded hy plane faces, or by 
both plane and curved faces, or by or\\y curved faces. 

6. The boundaries of faces are either straight lines, 
or both straight and curved lines, or only curved lines. 

When the above is committed to memory, it is 
efiFaced from the slate, and the pupils are required 
, to write it from memory and in the same order. 
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LESSON II. 

At the beginning of this and every following lesson, 
the pupils ought to be required to recapitulate the pre- 
ceding lesson, first viva voce, and then by writing it 
out on their slates. 

M. — We will now first examine those solids which 
are bounded by plane faces only. See in what respect 
their faces differ. 

P. — In size, in shape, and in the number of straight 
lines which bound them. 

M. — Speaking of the boundaries of faces, it is usual 
to call them sides, instead of lines. I have brought 
here a considerable number of solids which are bound- 
ed by plane faces. Arrange them according to the 
number of sides by which some of their faces are 
bounded, beginning with the least. What is the least 
number of sides by which some of the faces are 
bounded ? 

P. — ^By three straight lines — by three sides. 

M. — And by what word will you express the space 
which three straight lines inclose? 

P, — A three-sided face — a triangle. 

M. — Imitate a triangle on your slates. How many 
lines are necessary to inclose a space ? Try one, 
two, three. If a space is inclosed by two lines, what 
sort of lines must these be ? 
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jP. — Either a straight and a curved line, or two 
curved lines* 



ilf.— Which face' have you placed next in succession 
to the triangle ? 

P. — One which is bounded by four sides. 

M. — ^Imitate it on your slates. Which of the faces 
come next ? 

P. — The five-sided face ; then the six, seven, and 
eight-sided face. 

ilf.— -Imitate all these faces on your slates. Ex- 
amine the three-sided figure on your slates : in how 
many points do its three sides meet ? 

P. — In three points. 

ilf. — {Draws a triangle upon the schaoUslate). 




I will put the letters a, 6, o at the three pointy in 
order that we may be able to distinguish one side 
from the others. By what word will you express the 
position of the line ab^io the line b cf 

P.-^The line a 6 is inclined to the line h c. 

M, — And how many, inclinations have the three 
sides to each other ? 

P. — Three inclinations. 

ilf. — The inclination which one line has to another 
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line is called an aangle. How many angles are in a 
three-sided figure ? 

P. — Three angles. 

ilf. — See how^ many angles there are in each of the 
figures on your slates. 

P.— A four-sided figure has four angles ; a five-sided, 
five; a six-sided, six; a seven-sided, seven; and an 
eight-sided has eight angles. 

ilf.-— Can you imagine a figure having nine, ten, 
eleven, etc. sides? Describe them on your slates, 
and observe how many angles each figure has. 

P, — Every figure has as many angles as it has 
sides. 

M^ — You have mentioned another word instead 
of three-sided figure. 

P. — Yes, a triangle. 

M, — From what circumstance do you think it is 
called thus ? 

P. — From its having three angles. 

ilf. — ^The names of these several faces are derived 
sometimes from the number of their angles, and 
sometimes from the number of their sides. Thus, a 
three-sided face is sometimes caUed a trilateral figure 
(from the Latin tresy three, and lotus, a side), or a tri- 
angle ; a four-sided face is called a quadrilateral figure 
(from the Latin quatuory four, and latusy a side) ; 
a five-sided face, 2l pentagon (from the Greek vivny 
five, and ywlay angle); a six-sided face, a hexagony 
(from the Greek If, six, and ymviay angle) ; a seven- 
sided face, a hiptagon (from the Greek cirra, seven. 
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and yaviay angle); an eight-sided face, an odoffon 
(from the Greek oktuj eight, and yayia, angle). And if 
this mode of expression b6 extended to faces which 
are bounded by many sides, they are caXled polf/gonSf 
(from the Greek roXi/c many, and yuvla^ angle). - 

As before, the pupils are called upon to reproduce 
the lesson on their slates ; the substance of which is 
then arranged into sentences, and written by the 
master on the large school-slate, the pupils commit- 
ting them to memory.. 

1. — Solids bounded by plane faces differ in shape 
and in the number of their faces. 

2. — Their faces differ in the number of their sides. 

3. — A face bounded by three sides is called trUa- 
teral; by four sides, quadrilateral; by five sides, a 
pentagon ; by six sides, a hexagon ; by seven sides, a 
heptagon ; by eight sides, an octagon ; by nine or more 
sides, a polygon, 

4. — An angle is the inclination of two lines to one 
another which meet in a point. 

5. — A trilateral face has three angles, it is therefore 
called a triangle; a quadrilateral has four angles; a 
pentagon has five, a hexagon six, a heptagon seven, 
an octagon eight; a polygon has as many angles as 
it has sides. 
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LESSON III. 

M> — What other parts do you discover on these 
solids ? 

P. — Comers and edges. 

M, — How are the corners formed ? 

P. — By several angles of different planes meeting in 
one point ; or by several edges meeting in one point. 

M* — How many edges or angles of different &ces 
are at least required to form a corner or solid angle f 
Try, one — two — three. 

P.— Three at least. 

M. — ^Instead of "corners," say solid angles; how 
are the edges formed ? 

P, — By the meeting of two faces. 

DESCRIPTION OF THE FIVE REGULAR SOLIDS.* 

ilf. — Which of these five solids is bounded by the 
least number of faces? By how many faces is it 
bounded ? This solid is therefore called Tetrahedron 
(from the Greek rerpa^ four, and cd/oac, seats). 

M, — What are the four faces ? 

P. — Four triangles. 

ilf. — How many sides have four triangles ? 

P.— Twelve. 

M. — How many of these sides are there to each of 
the edges ? 

P. — Two sides. 

* Tetrahedron, Hexahedron Octahedron, Dodecahedron, Icosa- 
hedron. 

b5 
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M. — How many edges therefore must this solid 
have? 

P.-^Six edges; because there are six twos in 
twelve. 

M. — Now take the solid, examine it^ and see whe- 
ther it is so. — How many angles are there about each 
comer or solid angle ? 

It is important that the pupils be convinced by 
actual examination of the solid, that the calculation 
which they have made is strictly true, 

P. — Three angles. 

M. — These angles are called /T^n^ angles; can you 
tell why ? 

P, — Because they are the angles of the plane faces. 

M. — How many plane angles are there in the four 
triangular faces ? 

P.— Twelve plane angles. 

M^ — How many solid angles must the tetrahedron 
have? 

P, — Four solid angles ; because about every solid 
angle there are three plane angles, and there are four 
threes in twelve. 

M. — See whether it is so. 

SUBSTANCE OF THE LESSON. 

1.F— Two faces meeting laterally form an edge. 

2. — Three or more edges meeting in one point form 
a solid angle. 

3. — The tetrahedron is a solid bounded by four tri- 
angular faces : it has six edges, and four solid angles. 
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LESSON IV. 

M. — Compare the sides of the faces of the tetra- 
hedron. What do you observe ? * 

P, — They are of the same length ; they are equal. 

ilf. — How will you call a triangle which has three 
equal sides ii 

P. — An equal-sided triangle* 

M, — Call it ah tqui4ateral trian^e (from the Latin 
iBquus9 equal, and latusy side). Describe an equi-late- 
ral triangle on your slates ; put letters at the angles. 
— Are all triangles necessarily equirlateral ? 

P, — No ; for two sides of a triangle may be equal 
to each other, and the third unequal ; or the three 
sides may be unequal 

The master desires the pupils to draw such trian- 
gles upon their slates ; after which, he may describe 
an equilateral, an isosceles, and a scalene triangle upon 
the school-slate, and, pointing to them, continue. 

M. — A triangle having only two of itd sides equal 
to each other is called an isosceles (from the Greek 
iVoc, equal, and vKiXog, a leg) ; and the unequal side 
is called its base. And a triangle having none of 
its sides equal to each other is called a scalene 
(from the Greek oKaio, to limp^ and ^icaXi^i^oc, unequal) 
triangle^— Compare the angles of the faces of the 
tetrahedron. 

jp. — They are all equal to each other. 

M. — How will you call a triangle of which the 
angles are equal to each other ? 
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P. — Equiangular triangle. 

M. — What are the faces of this solid (showing the 
octaliedron) ? By how many such faces is it bound- 
ed ? How many plane angles are there about each 
solid angle ? 

P. — It is bounded by eight plane equilateral and 
equiangular triangles. There are four plane angles 
about each of its solid angles. 

M. — The name of this solid is octahedron (from the 
Greek ojn-6i\ eight, and !^/oa, a seat). Can you find 
out how many edges the octahedron has, without 
actually looking at the solid ? 

P. — It must have twelve edges ; because, since it 
is bounded by eight triangles, there are twenty-four 
sides to them, two of which belong to each edge ; con- 
sequently the solid must have twelve edges. 

M. — And how many solid angles has the octa- 
hedron ? 

P. — ^It must have six solid angles ; because in its 
eight faces there are twenty-four plane angles, four 
of which are about each solid angle, and there are 
six fours in twenty-four; consequently the octahe- 
dron must have six solid angles. 

ilf. — See whether it is so. — What, then, is sufficient 
to observe in a solid, in order to ascertain the other 
parts ? 

P. — It is sufficient to know the number and kind of 
faces by which the solid is bounded, and also the num- 
ber of plane angles which are about each of its solid 
angles. 



AN INTRODUCTION TO GEOMETRY. 13 

SUBSTANCE OF THE LESSON. 

1. — ^A triangle having equal sides is called an equu 
latercU triangle. 

2.-^A triangle having equal angles is called an 
equi-angtdar triangle. 

3. — A triangle having two of its sides equal is 
called an isosceles triangle : the unequal side is called 
its hose. 

4.-^ A triangle having unequal sides is called a 
seeUene triangle. 

5. — The faces of the tetrahedron are equilateral 
and equiangular triangles. 

6. — The octahedron is a solid hounded by eight 
equilateral and equiangular triangles : there are four 
plane angles about each of its solid angles. 

7. — The number and kind of faces, and also the 
number of plane angles, being known, the number 
of its edges and solid angles can be ascertained there- 
from. 



LESSON V. 

M. — Is there another among these solids which is 
bounded by triangles ? What is their number? It 
is therefore called icosahedron (from the Greek clKo<rt, 
twenty, and Upa, a seat). — See how many plane 
angles there are about each of its solid angles, and 
then calculate the number of its edges and solid 
angles. 
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P, — It is bounded by twenty equilateral and equi- 
angular triangles; there are five plane angles about 
each of its solid angles : it has thirty edges, and fif- 
teen solid angles. 

M. — See whether it is so. Which of the remain- 
ing two solids is bounded by quadrilateral faces? 
What is their number ? It is therefore called hexa- 
hedron (from the Greek c£, six, and thpuy a seat), or 
cube (from the Greek ici/^oc, a cube). — How many 
plane angles are there about each of its solid angles ? 
Calculate the number of its edges and solid angles. 

P, — The hexahedron, or cube, is a solid bounded 
by six quadrilateral faces; three plane angles are 
about each of its solid angles: it has twelve edges 
and eight solid angles. 

M. — Compare the sides and the angles of the faces 
of the hexahedron. 

P«-^The sides are all equal to one another: the 
angles are likewise equid. 

M. — Represent such a face on your slate. The 
angles of this figure are called right angles. Draw 
a right angle on your slate. — How many right angles 
can you make with two lines ? 

P, — Either one right angle, or two, or four. 

iEf.-^Compare these two angles with each other. 

P. — ^They are equal. 

M. — Are the two angles which one line makes with 
another line always equal ? 

P.— No. 

^ ^ d 
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M. When one line makes two angles with another 
line, these are said to be adjacent (from the Latin ady 
near, and^ocen^, lying) angles. When these adjacent 
angles are equal, each of them is called a right 
angle. — ^If these adjacent angles are not equal, what 
can be said of them ? 

P. — One is greater than a right angle, the other 
is less. 

M. — An angle which is greater than a right angle 
is called obtuse (from t|ie Latin o6tontf, blunted) angle; 
the angle which is less than a right angle is called 
acute (from the Latin acutus^ pointed) angle« — De* 
scribe on your slates right angles, obtuse, and acute 
angles. Describe as many different quadrilateral 
figures as you are able, and first let their difference 
consist in their sides. 

P, — The four sides may be equal ; 
the opposite sides may be equal ; the 
adjacent sides may be equal; three 
sides may be equal, and the fourth 
unequal ; all four may be unequal. 



M, — Can you describe two quadrUateral figures 
having equal sides, and yet being different ? 

P. — Yes : in the one, all the angles I n / i 

may be equal ; in the other, the sides | | / / 

may be equal, but its angles not all equal, — only two 
pairs of opposite angles are equal. 

M. — A quadrilateral figure whose sides are equal, 
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and angles right angles, is called a square. A quad- 
rilateral figure having equal ^des, but whose angles 
are not equal, is called a rhomh (from the Latin 
rhombus). — Can you describe two quadrilateral figures 
having their opposite sides in each equal, and yet be 
different ? 

P, — YeS : the angles in the one may 
all be equal, — that is, right angles ; in 



the other they are not all equal, — only / 7 

those which are opposite each other. ^ f 

M. — What do you observe respecting the distance 
of those opposite and equal lines ? 

P. — Their distance is everywhere the same. 

M, — ^Draw two such lines upon your slates, and 
two others whose distance is not everywhere the same. 

P.— 



M, — What happens if the last two lines be length- 
ened ? 

P. — They will cross each other. 

M. — And what happens if the first two lines be 
lengthened ? 

P. — They will not cross each other. 

M, — Such lines are called joam/fe/ (from the Greek 
ira/oa, beside, and aXKriKuV', each other) linesy and hence 
these figures are called parallelograms (from the 
Greek ito/ooXXj/Xoc, and ypafifiay a figure) ; the former 
a rectangular parallelogram^ or simply rectangle^ and 
the \aXiQr'meve\y parallelogram. The other quadrila- 
teral figures of which three sides only are equal, or 
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of which all four are unequal, are called trapeziums 
(from the Greek rpavk^iovy a small table). 

SUBSTANCE OF THE LESSON. 

1. — The icosahedron is a solid bounded by twenty 
equilateral and equiangular triangles: there are five 
plane angles about each of its solid angles. 

2. — The hexahedron, or cube, is a solid bounded by 
six squares : there are three plane angles about each 
of its solid angles. 

3. — When one line standing on another line makes 
the adjacent angles equal to one another, each of them 
is called a right angle. 

4. — ^An angle which is ^eater than a right angle 
is called an obtuse angle. 

5.* An angle which is less than a right angle is 
called an acute angle. 

6. — A quadrilateral figure which has equal sides^ 
and its angles right angles, is called a square. 

7. — A quadrilateral figure which has equal sides 
and two pairs of equal opposite angles is called a 
rhomb* 

8.-^A quadrilateral figure which has two pairs of 
equal opposite and parallel sides, and its angles right 
angles, is called a rectangk. 

9. — A quadrilateral figure which has £Vo pairs of 
equal opposite and parallel sides, but its angles not 
right angles, is called ^. parallelogram. 

10. — All other quadrilateral figures are called 
trapeziums* 
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LESSON VL 

M. — ^Examine the last of these five solids. — What 
are the faces which bound this solid, and what is their 
number? It is therefore called dodficahednm (from 
the Greek ^w^eKOy twelve, and Upa^ a iSeat). — How 
many plane angles are there about each of its solid 
angles ? Calculate the number of its edges and solid 
angles. 

P.— The dodecahedron is a solid bounded by twelve 
pentagons ; there are three plane angles about each of 
its solid angles : it has thirty edges, and twenty solid 
angles. 

ilf. — Examine the sides and angles of the pentagons. 

P. — They are equal. 

M,—Are die sid^s and angles of every pentagon 
equal ? 

P, — No ; for pentagons may be described of which 
the sides are unequal, as also the angles. 

M. — How will you distinguish the former from the 
latter ? 

P, — The former is an equilateral and equiangular 
pentagon, a regular pentagon ; the latter an irregular 
pentagon. 

THE RHOMBOIDAL DODECAHEDRON. 

M, — ^What are the faces of this solid, and what is 
their number ? 

P. — The faces are rhombs, and their number is 
twelve. 
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iK — How, then, will you call this solid ? 

P. — Dodecahedron. 

ilf. — How will you distinguish this dodecahedron 
from die former ? 

P. — This may be called rhombic or rhomboidai 
dodecahedron ; the former, pentagonal dodecahedron. 

M. — How many plane angles are there about each 
of its solid angles? 

P, — About some of its solid angles there are three 
plane angles ; about others, four. 

ilf. — Compare these angles. Do you observe some 
difference respecting them ? 

P, — Those of which there are three about a solid 
angle are greater than those of which there are four. 

jif. — ^Define these angles more strictly. 

P. — Some of the solid angles are formed by three 
obtuse angles ; others, by four acute angles. 

M, — How many of the angles of a rhomb ^re ob- 
tuse ? how many are acute ? 

P, — ^In a rhomb there are two obtuse and two acute 
angles. 

M. — How are they situated? 

P. — They are opposite each other. 

M. — How many obtuse angles are there in all the 
faces of the rhomboidai dodecahedron, and how many 
of them are lEicute angles? 

p.— There are twenty-four obtuse and twenty-four 
acute angles in all the feces. 

M. — How many solid angles, then, has this solid? 
and how many of each sort ? 
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P. — There must be eight solid angles formed by 
the obtuse angles, and six solid angles formed by the 
acute angles ; — in all, fourteen solid angles. 

-Sf.— See whether it is so. By what name will you 
distinguish each sort of solid angles ? 

P. — Those formed by the obtuse angles may be 
called obtuse solid angles ; the others, acute. 

M, — How many edges has this solid ? 

P^ — Twelve edges. 

This and some of the following lessons being de- 
pendant on the results of the pfeceding, they may 
be considered as a repetition and application of 
the former. It is therefore not necessary to cause 
the substance of these lessons to be committed to 
memory. 

LESSON VII. 

THE BIPYRAMIDAL DODECAHEDRON. 

itf.— Examine this solid. What are the faces^ and 
what is their number ? \ 

P, — The faces are isosceles triangles ; their number 
is twelve. 

M, — How will you call this solid ? 

P. — Dodecahedron. 

M, — By what name will you distinguish this dode- 
cahedron from the other two ? It is usually called 
hipyramidal dodecahedron, from another kind of solids 
with which you will hereafter become acquainted. — 
Examine its solid angles. 
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P.-^ Some are formed by six plane angles ; others^ 
by four. 

M* — Endeavour to distinguish these angles the one 
from the other, 

P, — Some of the solid angles are formed by four 
angles which are at die bases of the isosceles tri- 
angles: the other solid angles are formed by the 
angles which are opposite to the bases of the isosceles 
triangles. 

M, — How many angles are there at each of these 
bases of the triangles ? 

P. — Two angles at each base. 

M. — How may are there of this sort in all the faces ? 

P. — Twenty-four, 

M, — How many solid angles formed by the angles 
at the base, then, has this solid ? 

P. — Six solid angles. 

M. — And how many solid angles formed by the 
angles ^which are opposite the base ? 

P. — Two solid angles. 

M. — What, then, is the tofUl number of solid angles 
of the bipyramidal dodecahedron, and what must be 
the number of its edges? 

P. — It has eight solid angles, and eighteen edges. 

M. — See whether it is so. 

THE TRAFEZGHEDRGN. 

M. — Examine this solid. What are its faces ? 
P.— Its faces are quadrilateral figures — they are 
trapeziums^ 
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i!f,— This solid is therefore called trapezoltedron. 
What is the number of its faces ? 

P. — It is bounded by twenty-four trapeziums. 

ilf.-— Examine the angles of each trapezium. 

P. — Three of the angles are acute angles, the 
yfourth is obtuse. 

JKf.— -Examine the solid angles. 

P, — Some of them are formed by four acute, the 
others by three obtuse angles. 

iif. — 'Calculate the number of solid angles of each 
sort, the total number of solid angles, and the num- 
ber of edges. 

P.-^lt has eighteen acute solid angles, eight 
obtuse solid angles; the total number is twenty-six 
solid angles, and the number of edges is forty-eight. 

M, — See whether it is so. 



LESSON vni. 

THE PYRAMID. 

M. (putting several pyramids before his pupils,) — 
Examine these solids. What do you observe in 
them ? ' 

P, — The faces of each are triangles, except one, 
which is either a .quadrilateral figure, or a pentagon, 
hexagon. Sic. 

M. — ^These kind of solids are called pymndds. 
How would you call the unequal face ? 
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P. — The base of the pyramid. 

M, — What kind of face may the base of a pyramid 
be? 

P.-:-Any polygon whatever. 

jif. — How are the triangles situated? 

P, — The triangles all meet in one point, which is 
opposite the base of the pyramid. 

M. — ^That point is called the summit of the py- 
ramid. What is the number of triangular faces ? 

P, — There are as many triangular fac)es as the base 
has sides. 

M, — What, then, is the number of faces of a 
pyramid ? 

P.— tAs many faces as the base has sides, more one. 

M. — Examine the solid angles* 

P.-*-The angles at the base of the pjrramid are 
formed each by three plane angles; and the angle 
at the summit, by as many plane angles as there'are 
triangles. 

jjf. — What 'kind of triangles are they? 

P.-— Isosceles triangles. 

JSf, — What is the number of solid angles in each 
pyramid ? 

P. — There are as many solid angles as the base 
has sides, more one. 

M, — If the base of a pyramid is a triangle, by what 
name will you distinguish it from another whose base 
is a quadrilateral figure ? 

P. — The former may be called a triangular pjrra- 
mid; the latter, quadrangular. 
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M. — Calculate the number of faces, edges, and the 
number of solid angles of a triangular pyramid. 

P. — A triangular pyramid has four triangular faces, 
six edges, and four solid angles. The tetrahedron 
is a triangular pyramid. 

Jf. — Calculate the number of faces, edges, and 
solid angles of a quadrangular pyramid. 

P. — A quadrangular p3rramid has five faces, four 
triangular faces, and one which is quadrilateral, which 
is called the base of the pyramid :' it has eight edges, 
and nine solid angles. The octahedron is formed 
by two quadrangular pyramids, being joined base to 
base. 

M. — Look again at the bipyramidal dodecahedron. 
What do you now observe ? 

P. — It is formed by two hexangular pyramids join- 
ed base to base. 

ilf.— Thence its name. Give a description of a 
pyramid whose base is a polygon of twelve sides. 

P. — ^It has thirteen faces, twenty-four edges, and 
thirteen solid angles. 

M. — How many plane angtes are there in all the 
faces, taken together ? 

P. — ^Forty-eight plane angles. 

M4 — ^What is the number of sides in all the faces ? 

P^ — Forty-eight sides. 
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LESSON IX. 

, THE PRISM. 

M. {pUwing several prisms before his pupils) — Exam- 
ine these solids. What do you observe ? 

^. — Two of the faces are polygons, the others are 
rectangles or parallelograms. 

M. — Such solids are called prisms. Which of the 
faces would you call the base of the prism ? 

P, — Either of the polygons may be its base. 

M. — Examine the solid angles. How are they form- 
ed, and what must be their number in each prism ? 

P. — Each is formed by three plane angles ; their 
number must be double the number of the sides of 
the polygon. 

M, — In what manner may you distinguish one prism 
from another? 

i>,— By its bases. A prism whose bases are triangles 
•we would call triangular ; one which has quadrilateral 
bases we would call a quadrangular prism, and so on. 

M, — Enumerate the faces, edges, and solid angles of 
a quadrangular prism. 

P.— It has six faces, twelve edges, and eight solid 
angles. 

M. — Are you not already acquainted with a qua- 
drangular prism ? What is its name ? 

P. — Hexahedron, or cube. 

M. (jslwmng the parallelepiped) — Compare this 
prism with the hexahedron. 
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P, — The faces of the hexahedron are all equal; 
they are all squares. In this solid, only two faces 
are squares ; the others are rectangles. 

M. — This prism is called & parallelopiped. Enume- 
rate the faces, edges, and solid angles of a prism 
whose bases are polygons of twelve sides. 

P, — This prism must have fourteen faces, thirty-six 
edges, and forty- eight solid angles. 



LESSON X. 

SOLIDS BOUNDED BY CURVED FACES. 

THE SPHERE. 

M» — Examine this solid. What can you say of it ? 

P, — ^It is bounded only by one curved surface. 

M. — Imagine a point within this solid, exactly in 
the middle of it. What may be said of the surface 
relatively to this point ? 

P. — It is everywhere equally distant from this 
point. 

M. — This solid is called a sphere ; the pomt which 
is equally distant from every point of the surface, is 
called the cejsitre of the sphere. Imagine a straight 
line drawn from any point of the surface of a sphere, 
through its centre, to the opposite surface : such a line 
is called a diameter (from the Greek ^tct, through, and 
fjtirpoy, measure).— How many diameters^ can be 
drawn in a sphere ? 

P, — As many as you please. 
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M. — What may be said, on comparing the diame- 
ters of the same sphere ? 

P. — Diameters of the same sphere are equal* 

Jlf^— When are diameters of different spheres equal ? 

P. — When the spheres themselves are equal. 

M. — And, if two spheres are equal, what may be 
said of their diameters ? 

P. — Their diameters must also be equal. 

iRf^— Imagine a straight line drawn from any point 
in the surface of a sphere to its centre : ibuch a straight 
line is called a radius (from the Latin reuUus, a 
ray). How many radii can be drawn in a sphere? 
— Compare a radius with a diameter of the same 
sphere. 

P. — An indefinite number. — A diameter is just twice 
as long as a radius; — a radius is only half a diameter. 

M^ — ^If two or more spheres are equal, what may be 
said of their radii ? And if the radii of different spheres 
be unequal, what may be said of the spheres ? 

P* — If two or more spheres are equal, their radii 
must be equal ; and if the radii of different spheres be 
unequal, the spheres must be unequal. 

SUBSTANCE OF THIS LESSON. 

1. A sphere is a solid bounded by one curved 
surface^ which is everywhere equi- distant from a 
point, within the solid, called the centre. 

2. A straight line drawn from any point in the 
surface of a sphere, through the centre, to the opposite 
surface, is called a diameter. 

c2 
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3. A Straight line drawn from any point of the sur- 
face of a sphere to the centre, is called a radius, 

4. A diameter of a sphere is double the length of 
a radius of the same sphere. 

5. Diameters and radii of the same sphere, or of 
equal spheres, are equal. 

6. If spheres are equal, their diameters and radii are 
equal. 

7. If spheres are unequal, tlieir diameters and radii 
are unequal. 

8. If the diameters or radii of different spheres are 
unequal, the spheres themselves are unequal. 



LESSON XL 

THE CYLINDER. 

M, — Examine this solid: it is called a cylinder. 
What can you say of it ? 

P. — It is bounded by two opposite plane faces, and 
by one curved face. 

M. — Represent the plane faces on your slates. 
What do'you observe ? 

P. — Each is bounded by one curved line. 

M, — Draw, on your slates, a figure, /^--/'A^^^ 
which is also bounded by oaly one ) / 

curved line, and yet dissimilar to these C ) 

figures. Compare, now, these several ) f 

figures. \ y^^ 

P.— The curved line which bounds one of the plane 
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faces of the cylinder is everywhere equally distant 
from a point within the figure. 

Jf. — Right. And, what would you call this point ? 

P, — The centre of the figure. 

itf.— ^Yes ; and the curved line is called the drcum- 
ference of the figure, (from the Latin circum, around, 
and^en^, carrying,) — the figure itself being called a 
drclc-r-How would you define a circle ? 

P. — ^A circle is a plane figure, bounded by one 
curved line everywhere equi-distant from a point 
within the figure. This point is called, the centre of 
the circle ; and the curved line, the circumference. 

M, — ^A straight line passing through the centre 
qf a circle, and terminated, each way, by the circum- 
ference, is called a diameter; and a straight, line 
drawn from the centre to the circumference, is called 
a radius, — When circles are equal, what may be said of 
their diameters, and what of their radii ? If circles are 
unequal, what may be said of their diameters, and what 
of their radii ? If the diameters of several circles be 
equal, what may be said of these circles ? If the 
radii or diameters of different circles be unequal, what 
may be said of these circles ? 

(The pupils are, here, required to illustrate these 
several cases by drawing circles corresponding with 
each.) 

3f, — What happens, if part of a sphere be cut-off? 

P, — Each of the parts is a solid, bounded by one 
curved' and one plane surface : the plane surface is a 
circle. 
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ilf.— If several parts be cut-o£Pfrom a sphere, are 
the circles obtained by these sections always equal ? — 
When are they equcd ? 

P. — No. If the sphere be cut-through the centre, 
or if it be cut-through at equal distances from the 
centre, — they are, then, equal. 

M. — ^Imagine a line drawn so as to connect the 
centres of the circular base^ of this cylinder. Ex- 
amine the angles which this line makes with the fiioes. 

P. — The angles are right angles. 

ilf« — And, in this cylinder — ^what are the angles ? 

P, — They are not right angles. 

■M. — In the former case, the cylinder is called a 
right cylinder ; in the latter case, an oblique cylinder* 
(from the Latin Miquus^ indirect). 

SUBSTANCE OF THIS LESSON. 

1. The cylinder is a solid bounded by two oppo- 
site plane faces and one curved face. 

2. Each of the plane faces is called a circle. 

3. A circle is a plane figure, bounded by one 
curved line equi-distant, everywhere, firon^ a certain 
point within the figure. 

4. This point is called the centre of the circle. 

5. The curved line is called the circumference. 

6. A straight line passing through the centre, and 
terminating, each way, in the circumference, is called 
a diameter* 

7. A straight line drawn from the centre to the 
circumference is called a radius. 
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8. When the straight line joining the centres of 
the circular bases of a cylinder is at right angles to 
either of them, the cylinder is called a right eylin- 
der ; when the straight line which joins the centres 
of the circular bases of a cylinder is not at right 
angles to ^either of them, the cylinder is called an 
oblique cylinder. 

LESSON XII. 

THE CONE, 

M, — Examine these solids : they are called cones* 
What do you discovier ? 

P, — They are bounded by one plane surface and 
one curved surface. The plane surface is a circle ; 
the curved surface terminates in a point. This point, 
in one of the cones, is directly over the centre of the 
centre : the straight line joining the centre and that 
point is at right angles to the base ; in the other cone 
it is not at right angles to the base* 

M» — The point, you have mentioned, is called the 
summit or vertex of the cone. By what name would 
you distinguish the one cone from the other ? 

P* — The one is a right, the other an Miqtiey cone. 

M, — Compare the cone with the other solids. To 
which of these has it the greatest resemblance ? 

P.— -It is most like the pyramid. 

M, — What sort of pyramid would be almost a cone ? 

P.— 'That pyramid whose base is a polygon of the 
greatest number of sides : the greater the number of 
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the sides of the base, the more nearly does the pyra- 
mid approach the cone. 

Mn — ^Which of the other solids, besides the pyra- 
mid, resembles the cylinder ? 

P. — The prism. 

M. — What sort of prism is most like a cylinder ? 

P. — That prism whose bases are bounded by the 
greatest number of sides. 

ilf. — And, which of the solids resembles the 
sphere ? 

P.— The trapezohedrony or that sort of solid which 
is bounded by a great number of plane faces. 

M. — By what name would you describe a solid 
bounded by a great number of plane faces ? 

P. — Polyhedranr-ri^ovEL the Greek toXi/V, many, and 
tlpa^ a seat). 

ilf.-— What plane figure, bounded by straight lines, 
would most nearly resemble the circle ? 

P. — One bounded by the greatest number of sides. 



SURFACES 



CHAPTER I.* 

STRAIGHT lines: ANGLES. 
SECTION I. — ONE AND TWO STRAIGHT LINES. 

M* — ^Meiitioa the difiPerent parts of a solid. 

p, — Solid angles^ edges, faces, sides or lines, plane 
angles. 

M. — ^In this and the following lessons, we shall en- 
deavour to discover the properties of some of these 
parts. For this purpose we shall begin with the 
Unas; and, first, with one straight line. Draw ime 
straight line, and state all you discover respecting it 

P. — A straight line has length — ^it extends in a cer- 
tain direction. This is not really a straight line, but 
a solid; it merely represents a straight line — it has 
two ends or extremities. 

M, — ^What are the extremities of a straight line ? 

P.— Points. 

M. — Tell me, now, what can be done with a straight 
line. 

P, — It can be lengthened, so as to become very 

* This division, into chapters and sectiom, is adopted, now, for 
the sake of preserving the continuity of the subject. In the course 
of tuition, however, each section may be found to comprise several 
lessons'. 

c5 
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long— it can be shortened, so as to become very short : 
a straight line may be drawn so as to join any two 
points, but not any threcy or aayfouTf or more points. 

i!f,— Draw two straight lines, and state all you 
can discover from a consideration of them. 

P. — They may be equal in length ; they may be 
unequid in length; they may have the same direc- 
tion — they may have diflPerent directions; they may 
cross each other. 

iff, — In order to distinguish the one line from the 
other, designate the extremities of the one by the let- 
ters «, b ; and the extremities of the other by the let- 
ters c, d, — Show me, now, on your slates, the various dis- 
coveries you have made respecting two straight lines. 

P. — 1. The line abh equal to the 
line c d. 

2. ,The line a bis not equal 
to the line c d. 

^ r i '■ f 9 ^ 

The Ime a b has the same direction as the line c d. 
The line e f has, likewise, the same direction as the 

line g h, ^ 

,a 
4. The line a b has not the same 

direction as the line c d. 

1/ 

M, — In the first case which you have stated, if the 
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line a & is equal to the line c dy what happens, if you 
imagine the line c d applied to the line abf 

P. — The extremities of the line cd may be upon 
the extremities of the line a b, or they may not. 

M, — How must the line c dhe applied to the line 
a b 80 that their extremities shall be upon one an- 
other, or shall coincide f 

, P. — One extremity of the line c d must be ima- 
gined to be upon one of the extremities of the lin6 
a b; then, the other extremity of c d will fall upon 
the other extremity ofab. 

M. — In other words, if the straight line c d he 
placed upon the straight line a by so that the point c 
be upon the point Uy the point d of the straight line 
c d ^Finish the sentence. 

P* — Must fall upon the point b of the straight line 
a b, 

M.^Why? 

P. — Because the line a ^ is equal to the line c cL 

M, — If these straight lines be no^ applied in this 
manner, will their (extremities coincide ? 

P. — No: their extremities will not be upon one 
another (will not coincide), 

M. — In case 2, can the extremities of the lines 
coincide? Why not? 

P. — No ; because the lines are unequal. 

M. — ►By what means can these lines be made equal ? 

P.— Either by cutting-off from the longer a' part 
equal to the shorter, or by lengthening the shorter 
until it becomes equal to the longer. 
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ilf.— Instead of " lengthening," say producing. In 
cased, what maybe said of the lines ab and cd, if they 
be .produced ever so far both ways ? 

p, — That these lines will never meet. 

ilf — Straight lines which, when produced ever .so 
far both ways, never meet, are called parallel lines* 
UapdXXrjXoty from rapdy beside, and rfWiyXcov, each 
other. What will happen if ef and gh be produced 
both ways? 

P. — They will meet and form btU one straight line. 

M, — In case 4, what will happen, ifab andcd be 
produced both ways ? 

P. — These lines will meet and will cross each other. 

M. — Instead of " cross," say intersect each other. 
The place where they intersect is called the point of 
intersection. Draw two lines which shall intersect each 
Qther. 

P. — a b and c d intersect each / c 

other, at the point c, which is, ^ e/ J 

therefore, their point of inter- "/ 

section. ^ 

M. — ^What do jstraight lines form by intersection? 

P. — They form [four] angles. 

M. — And if two lines meet, how many angles do 
they form ? 



P.— Either two angles or one a 
-a 
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M, — The point in which the two lines meet is called 
the vertex of the angle; the lines themselves are 
called the legs of the angle. An angle is usually ex- 
pressed by putting a letter at the extremity of each 
leg, and at the vertex; and, in naming the angle, 
the letter which stands at the vertex is inserted be- 
tween the pther two ; thus, c b a, / ^ 
or flic. — ^If the leg» of an angle / 
be lengthened or shortened, is the Jz__ c 
angle thereby altered ? — ^Why not ? 

P. — ^The angle is not altered ; because the inclina-- 
tion of the two lines is not altered by either lengthen- 
ing or shortening the legs. 

M. — ^If two lines make an angle, what may that 
angle be ? 

P. — Either a right, an obtuse, or an acute angle. 
a 
a&cis a right angle; I 

iL 

def is an obtuse angle ; 

^ A A is an acute angle. 

i!f.— Are all obtuse angles equal? 

P. — No: abc and 
def are both obtuse / 

angles ; but, a 5 c is, * *~ 

obviously, less than def. 

M, — Are aU acute angles equal ? 



-C 
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P, — No; abc 
and def are both 
acute angles ; but, abch manifestly greater than d ef, 

ilf.-— Are aU right angles equal ? 

P. — Yes ; aU right angles are equal. 

iMv— How, then, is it possible to distinguish one 
obtuse angle from another obtuse angle, — one acute 
angle from another acute angle ? 

P. — By comparing each with a right angle. Fqr in- 
stance, one obtuse angle may be a right angle and half 
of another right angle ; and another obtuse angle may 
be a right angle and one-third of another right angle; 
one acute angle may be half of a right angle, and 
another acu£e angle may be one-third of a right angle. 

M. Draw several equal and unequal obtuse angles. 
Draw several equal and unequal acute angles. 

P.— . 



M. — Make an angle equal to another angle. 
P.— The angle abcv& /O' A 



.Z. 



equal to the angle d ef j^ 

ilf.— Make a third angle which is equal to the angle 
d€f 
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P.— ^ A A 18 equal to d ef, ^ 

A/. 



M. — Compare the angle g hk with the angle ab c. 

P. — They are equal. 

M. — And, if two angles, isogether^ are equal to a 
certain angle, and two other angles are also, together, 
equal to the same angle, what may be concluded ? v 

P. — That the first two angles are, together, equal to 
the second two angles. 

Jf. — Express this truth generally. 

P. — Angles which are equal to the same angle are 
equal to one ttnother, 

M. — Make two equal angles, and a third angle 
Hot equal to either. 



M. — To each of the equal angles add the angle g hh: 
what are the sums f 

P. — The angles ab c and ghh, together, are equal 
to the angles d efandg hk, together. 

M, — Express this generally* 

P. — 1/ the same angle be added to equal angles, the 
sums are equal. 

Jf.— Instead of adding the same angle, what might 
be substituted ? 

P« — Equal angles might be added. 

ilf.— When one line makes two equal angles with 
another line, what are these angles called ? 
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P, — Right angles. 

i!£ — Draw two lines so, that they may be at right 
angles to each other, — thatis, form right angles. 



P. — The angles adc and 
hdc are right angles* 

M* — Then, if the adjacent angles, formed by the 
meeting of two straight lines, are equal, what are 
they called? Draw two straight lines which are not 
at right angles to each other, and name the angles 
which they form. 

P. — The angle a b c \^ ^^ 

greater than a right angle — 
it is an obtuse angle ; and the 
angle a b d is le^s than a. 
right angle — it is an acute angle. 

M. — How may you ascertain th^t the angle a b c 
is not a right angle ? 

P. — ^By comparing it with its adjacent angle ab d^ 
if the angle ab c h not equal to its adjacent angle 
abdyit is not a right angle. 

inf.— How may you ascertain that the angle a b c 
is greater than a riglU angle ? 

P. — By drawing from 

the point b another line, 
b e, making right angles 
with cd. c— 

-^•— By what angle is a ^ c greater than a right 
angle? 
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P4 — By the angle ah e, 

M, — And, by. what angle habd less than a right 
angle ? 

P. — By tlie same angle ab e. 

M. — ^If, then, the two adjacent angles be not right 
angles, what may be said of the obtuse and the acute 
angle when compared with one right angle ? 

P. — The obtuse angle is as much greater than one 
right angle, as the adjacent angle is less than one ' 
right angle. 

M. — What, therefore, may be said of the sum of the 
two angles which one straight line makes with another 
straight line ? 

P^ — The two angles which one straight line makes- 
with another straight line are^ together, always equi-^ 
valent. to two right angles. 

Jf. — li the angle ab c is 
one right angle, and one- 
half of a right angle, that is, W A 

i right angles, what part of h 

one right angle is its adjacent angle ah d9 

P. — The angle abdi&i right angle. 
. i!f.— Why? 

P. — Because the angles ahc and abd are, together, 
equal to two right angles, (that is, j right angles,) and 
ah ci^l right angles : therefore, ahc must be \ right 
angle. 

M, — What may be concluded from this example ? 

P. — That if one angle be known, its adjacent angle, 
likewise, may be known. 



/ 
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M^ — How, then, may you ascertain the magnitude 
of the adjacent angle ? 

P.— By subtracting the known angle from (wo 
right angles. 

ilf. — Compare each of the 
angles a b c and c b d with 
two right angles. 

P.— The angle a b c \& equal to two right angles 
minus [less] the angle c b d The angle cbd i& 
equal to two right angles minw [less] the angle a be. 

M. — We shall, now, substitute signs for words fre- 
quently occurring; thus, put Z. instead of aii^fo, Z.s 
instead of angles ; = instead of is or are equal to ; 
— instead of less [minus] ; rt. /_ instead of right 
angle; rt Z.s instead of right angles, — Now, re- 
write the last two sentences on your slates^ and 
make use of these signs. 

P.— /c 

Z. o ft c = 2 rt. Zs — Z c 6<;? 
Z. c b dzz2 tU /_8 — a b c. CL. 

M. — What is the number of angles fdrmed by two 
straight lines intersecting each other ? 

P.— Four. - 




M. — ^What may be said of them ? 

P. — They are either four right angles, or they are, 
together, equal (o four right angles. 

M, — If one of them is a right angle, what must 
each of the others be ? 
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P. — Also, a right angle. 

M. (drawing^ on the school- 
sUOe^ two lines intersecting 
each other.) — Name two lof 
these angles which, together 
are equal to two right angles, d . 

P. — The angles am c and cmh, 

M* (writing.) £&amc and c mbzz2 rX,, L%. 
Name two other angles which are also equal to two 
right angles, and let am c be one of them. 

P. — The angles am c and amd. 

M, (writing.) As am c and amd ^z^ also, 2 rt. 
Z. s : hence, the angles a m c and c mb are together 
equal to — ^what other two angles ? 

P. — The two angles amc and am d, 

M* (writing.) — Hence, Ls a m c and c mb =: Z. s 
amc and amd If the angle a m e be taken away 
from the former two angles, and, also, from the latter 
two angles, — ^what angles remain ? 

P. — The angles cmb and am d. 

M. — And, what may be said of these angles ? 

P. — That they are equal. 

M. (toriting.) — ^If the angle amc he taken from 
each of these equals, there remains 

Z.cmb^Z.amd 
How are the angles cmb and amb situated ? 

P. — They are opposite each other. 

M. — For this reason^ they are called opposite or ver- 
tical angles. Can you tell me why they are called 
vertical f 
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P. — Because the vertex of the one angle is, like- 
wise, the vertex of the other. 

M. — ^What other angles are, here, vertical ? 

P.— The angles amc and b m d. 

M, — Compare them. 

P.— They are equal. 
' Jf.— Hence, the opposite or vertical angles formed 
by the intersection of two straight lines 

P. — Are equal to each other. 

M, — This truth we have established; we have 
proved it to be true. If, then, you were called-upon 
to prove, that, ^Hftwo straight lines inter setA each other ^ 
the opposite or vertical angles are equoly* what would 
you do ? 

P. — We would do as we have just now done. 

M. — Well — the method by which a mathematical 
truth, such as this, is proved, we call its demonstration, 

M. — I shall rub out what I have written. Demon- 
strate, each of you^ that, " if two straight lines intersect 
each other, the opposite or vertical angles are equaf 

The master will, here, have an opportunity of judg- 
ing whether what precedes has been clearly understood. 
It is of importance that the written demonstration 
should be well performed, — the lines being neatly 
drawn, &c. The signs, which have been introduced, 
tend to render the expressions capable of being more 
quickly revised, and to Militate the detection of 
errors. The following is a specimen of the manner 
of demonstration recommended : — 

If two straight lines intersect each other, the opposite or 
vertical angles are eqwd. 
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Let the straight lines a b and 
c d intersect each other in tjie 
point m ; the vertical angles amc d 
and hmdy and, also, cmb and 
amdy shall be equal. ^A 

Because /^^ a m c and e mb :=z 2rt. /,s, 
and, also, the ^8 c m b and b m d ^ 2rt. ^s; 
therefore, /_sa m c and cmb == /,s c m 6 and bmd ; 
from each of these equals take-away ^ cmb ; 
there remains /^amc^bmd. 
Again, 

Because /.s a w» c and c? w & ^ 2 rt, ^s, 
and, also, the Zj&amc and a m d :^ 2 n. /.s ; 
therefore, ^s « w c and c? m 6 = ^sa w cand a m d: 
from each of these equals take away /. amc; 
there remains %mb /_zz a md. 

ilf. — On what truth does this demonstration chiefly 
depend ? 

P, — That the two angles which one straight line 
makes with another straight line are together equal to 
two right angles. 

M. — There are two other truths referred-to in 
your demonstration : what are they ? 

P. — Angles which are equal to the same angles are 
equal to each other ; and, if the same angle be taken 
from equal angles, the remaining angles are equal. 

M. — ^Do these last-mentioned truths require de- 
monstration ? 

P. — No ; they are acknowledged at once. 
M, — ^Will itbe readily admitted that, the two angles 
which one straight line makes with another straight line 
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are equal to two right angles ; and that, if two straight 
lines intersect each other, the Yertical angles are equal? 

P, — No ; these truths must be proved ; they require 
demorMration. 

M. — Truths which are at once conceded, and, there- 
fore, do not require demonstration, are called axioms. 
(Greek dlitafiay from ofioc, worthy , — a proposition 
worthy of being believed.) 

ilf. — Instead of saying, << Angles which are equal to 
the same angles are equal to each other,*' we might say, 
in general, ^< Things which are equal to the same thing 
are equal to each other." Generalize the other axiom 
in a similar way. 

P. — ;If equals be taken from equals, the remainders 
are equaL 

ilf. — Endeavour to generalize a simftur axiom. 

P. — If equals be added to equals, the sums are equal. 

M. — ^From what obvious truth did you deduce this 
general axiom ? 

P. — ^If equal angles be added to equal angles, the 
sums are equal. 

The pupils will probably mention several axioms : 
if not, they may be led to discover some. 

It is of importance, that the substance of this sec- 
tion should be reduced to concise sentences, which 
ought to be written on the school-slate and committed 
to memory. 

SUBSTANCE OF SECTION I. 

1. A line is length without breadth. 

2. The extremities of a line zrepoifUs, 
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3. Two Straight lines may either be parallel or not. 

4. Parallel lines are such, that, if produced both ways 
ever so far, they do not meet. 

5. If Tzon-parallel lines be produced far enough, 
they meet or intersect each, other. 

6. If two straight lines meet^ they may either form 
one angle or two angles. 

7. An angle is the inclination, to one another, of 
two lines, which meet in one point. 

8. That point is called the vertex of the angle ; and 
the lines which contain the angle are galled its legs, 

9. Angles may either be equal or unequal. 

10. If one straight line standing on another straight 
line makes the adjacent angles eqtml to each other, each 
of them is called a fight angle. 

1 L All right angles are equal to each other. ' 

12. An obtuse angle is that which is greater than 
a right angle. 

13. An acute angle is that which is less than a right 
angle. 

14. All obtuse angles are not equal to each other; 
nor are all acute angles equal to each other. 

15. The two angles, which one straight line makes 
with another straight line, are either two right angles, 
or they are together equal to two right angles. 

16. If two straight lines intersect each other, the 
four angles about the point of intersection are either 
four right angles, or they are, togethery equal to four 
right angles. 

17. If two straight lines intersect each other, the 
opposite or vertical angles are equal. 
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The axioms should, in a similar manner, be written, 
and learnt by heart. 

Frequent repetition of what precedes is indispensa- 
bly necessary before beginning the next section. The 
pupils must be able to write the preceding sentences in 
their order, whenever they are so required, and great 
strictness is to be observed with regard to the demon* 
stration of No. 17. 

SECTION II. THREE STRAIGHT LINES. 

M, — Draw three straight lines, and state what you 
observe respecting them, proceeding as you did with 
two straight lines. 

P.— Three , j . 

straight Imes 

may be equal. 

2nd. Two 

Az- 
of them may 

be equal, and the third unequal. 

3rd. All 
three may be 
unequal. 

4th. They may all three be par- 
allel. 

5th. Two of them may be parallel, 
and the third non-parallel. 

6th. All three may be non-par- 
allel. 
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M. — In the first case, if the equal straight lines a b, 
c d, efy be placed upon each other, so that their ex- 
tremities a, c, e, coincide, what must happen ? 

P. — Their other extremities 6, d, and.^ must like- 
wise coincide ; because the lines a b^ c d, and ef are 
equal. 

M. — If the line a 6 be added to each of the other 
lines c d and ef, what will the sums be ? 

P. — a ft together with c d must be equal to a 6 to- 
gether with ef. 

M.—Why? 

P» — Because if equals are added to equals, the sums 
are equal. 

M, — Instead of writing, " a ^ together with c d is 
equal toab together with ef,** we shall make use of a 
si^ for the words " together with," — ^thus : 
a b + c dznab •{- ef 

In the second case, if the lines ab,c d, efbe placed 
so that their extremities a, c, e, shall coincide, will 
their other extremities b, d, andf likewise coincide ? 

P. — The extremities b and d of the equal straight 
lines a b and c d will coincide ; but the extremity/ of 
the unequal straight line ef will not coincide. 

3f. — If the line a ft be added to, each of the other 
lines c d and ef what will their sums be ? 

P, — Unequal: for a b-^-cd are not equal to a b+ef 

M.— Why not? 

P, — Because a b andc c?are equal, and efh unequal ; 
and if equals be added to t^^tequals, the sums shall be 
unequal. 
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ilf.— >6ut if the line ef be added to each of the equal 
lines a b and c d, what will the sums be ? 

i>.— a ft + e/= c rf + ef; because, &c. 

ilf.—- In the third case, can the unequal lines a b, 
c d, and ef, be so placed that their extremities may 
coincide ? 

P. — No; the lines may coincide, but their extre- 
mities cannot : because ab, cd, and ef are unequaL 

itf.— -If the line a ft be added to each of the other 
lines, c d and ef what will the sums be ? 

P. — The sums must be unequal : because the same 
line has been added to unequal lines. 

M. — In the fourth case, can the |)arallel lines a ft, 
c dj and ef intersect ? 

P. — No; because parallel lines are such that, if 
produced ever so far, they never meet 

ilf.— If, then, it were discovered tliat these lines do 
meet, what must be concluded ? 

P. — That they are not parallel. 

M, — In the fifth case, since the line efis not par* 
allel to the parallel lines a ft and c dy what will happen 
if e/ be produced ? 

P, — The line e f will intersect both the parallel 
lines a ft and c d. 

M, — Represent this on your slates ; put letters at 
the points of intersection.- Which of the angles are 
equal? 

P.— Z a^6= Z A^ft\for, 

Aagh- /_egb\^^y 

T ^ » •» > are ver- 

ZcAi;=z/Ad(tical 
/. chfzz^ghdj angles. 
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M. — Examine these angles more closely : are others 
of them equal, besides those you have mentioned ? — 
How is the inclination of the line a g to the line ef 
expressed ? 

P, — By the angle a ^ e, or by the angle a gf. 

M, — Is there another line which has the same incli- 
nation to ef which a g has to c/? 

P. — Yes ; the line ch or c d: because a g and c h 
are paraileL 

M. — And, how is that inclination expressed ? 

P. — By the angle c A c, or by the angle c hf> 

M. — ^What angles, then, must be equal ? 

P. — The angle age must be equal to the togle 
c h e, and the angle c hf to the angle a g Ju 

M, — How are the angles age and che situated 
with regard to each other ? 

P. — The angle age i^ toithaut — the angle che 
is imthm^ the parallels* 

M. — The angle ageis, therefore, called the exterior, 
and the angle che the interior and opposite angle. If, 
then, two parallel lines intersect another straight line, 
what may be said of the angles which they form ? 

P. — If two parallel lines intersect another straight 
line, they make the exterior angle equal to the interior 
and opposite angle. 

M, — ^Let a h and c dhe two 
parallel lines intersecting an- 
other straight line, ef in the 
points g and h. What are the 
exterior and the interior and 
opposite angles ? 
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P. — The exterior ^agezz, inter, and oppo. /iche, 

» L hgezz, „ „ /. rf^^. 

„ Lfhdi^, „ „ Lbgf. 

M. — To what other angle \a i_ag t equal ? 

P. — To the angle h gf; because age and h gf 
are vertical angles. 

itf. — What must you thence conclude ? 

P. — That the angle 6^/ is, also, equal to the angle 
the. 

M. — Angles which are situated as the angles b gf 
and che, are called akemate angles. What angles, 
besides these, are similarly situated ? What are the 
alternate angles ? 

P. — The angles b gfsnd c h e are alternate* 
„ a gf&nd d h e are alternate. 

M. — Then, if two parallel lines intersect another 
straight line, they make the exterior angle equal to the 
interior and opposite angle, and ? 

P. — They make the alternate angles equal to each 
other. 

M. — Endeavour, now, to demonstrate this latter 
truth with as much precision as you have proved No. 17. 

P. — Let the parallel lines ab / 

and c d intersect another straight ^ ^ i 

lineef; the alternate angles am/ c____/4 i 

and dne shall be equal, and, also, V 

the alternate angles b mf and c ne. J 

Because the parallel lines a b and c d intersect ef^ 
the exterior /^emb ^=. interior and opposite L dne. 
But /. c w 6 = its vertical L a mf; . 
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therefore, /. « »*/= L ^^^ 

Again, 
Because the parallels a h and c d intersect the straight 
lineej^, 

the exU ^ am e :=z int. opp. Z. c n e : 
But, /. « «t c = its vertical Z. ^ «»/; 

therefore, Z hmfzz. /. c«c. 

ilf. — What axiom did you make use of in this de- 
mons^tration ? 

P. — Angles or things which are equal to the same 
angle or thing, are equal to each other. 

M. — ^Let the parallel lines a^ 

a h and c d meet the line ^y* 




in the points h and d. Which / / i 

of these angles would you call 
interior angles ? 

P. — The angles abd and c d b are interior angles. 

M. — ^What angle is equal to the angle c^b d? ^ 

p, — The angle c df is equal to the angle ab d; be- 
cause L c df is the exterior, and Lab d^ the in- 
terior and opposite angle. 

ilf. — ^Hence^ a b d -^ ^cdb is equal to 

P.— ^ cdf+^cdb. 

M, — And what do you know respecting the angles 
cdf-\-cdbf 

P.— Z cdf '{' /_cdb=,2 rt. Z^s, 

M. — What do you thence conclude ? 

P. — That the two interior angles, a5c? + c€/5 = 
2 rt. /.s, likewise. 

M. — Express, now, in words the truth we have just 
discovered. 
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P, — If two parallel lines meet another straight lincy 
they make the two interior angles^ together ^ equal to two 
right angles, 

M, — Demonstrate this truth. 

P, — Let the parallel lines ^ 

ab,c e? meet the line e/in the / 

points b dy the tioo interior / 

angles abd and cdb shall, to* ^ ^ i f 

gether, be equal to two right angles. 

Because the lines a b and cdaie parallel, 
the ext, 2I c df =1 int. opp. Z^ abd. 
To each of these angles add z. cdb ; 
then, ^ c df + ^c db zz ^ab d -{- /_cdb* 

But /_cdf-\-^cdb^^ rt ^s ; 

therefore, /^ abd + ^c d b ^ likewise, 2 rt ^s. 

jif. — ^What axioms did you use in this demonstra- 
tion? 

P. — '< If equals be added to equals, the sums are 
equal ;" and, << things which are equal to the same 
thing are equal to each other." 

M, — Demonstrate this truth from the equalxty of the 
alternate angles. In doing so, you will, of course, use 
intersected lines. /'*•' 

P, — Because a b and c d are ^ y^ ^ 

parallel lines, /. 6 «/= Z, cfe, /f j 

each being an alternate angle. / 

To each of these angles add /. a ef; 

then, z^«/+ Z««/= Zc/e+ Z««/ 

But, Ahef-^-Z^aefzz Srt. Zs ; 

therefore, the 2 int. Z8><? /*« + « ^/= likewise, 

2 rt. Zs. 
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M* — Since the 2 int. A^^aef -{- cfe =: 2 rt. ^s, 
what must the 2 exterior ZJ^ycfn + a e w be ? 

P. — The2,ext. Zj^cfn + aem^ must be equal to 
2 rt. /.s : because the 2 interior angles, cfe + a e^ 
together with the 2 exterior angles, c/« + aem=4 
rt. angles, and it is known that the 2 interior ^s, c/e 
4- a e/=: 2 rt. ^s ; therefore, the 2 ext •ZJ^ycfn -^r 
a em, must be equal to 2 rt. /.s. 

itf. — Demonstrate this on your slates. 



P .-^Because 



^s cfn 4- cfe zz 2 rt. /.s, 

and, also, ^s, o c «t + a c/ = 2 rt. ^is ; 

therefore, /.s, c/» + cfe -{- aem +a e/= 4 rt ^s. 

But, ^8 c/c + aefzz 2 rt. /.s ; because a 6 and cf 

are parallel : therefore, 

the 2 ext. ^s, c/» + o c m = likewise, 2 rt. ^s. 

M. — If it be known that, the a/ 

exterioranglecdfe is m>^ equal to 
the interior and opposite angle f 
abdy what must be concluded ^ I d 

P. — That the lines ab and d c are not paralleL 

M. — Again, if it be known 

that the angles a c/and dfe 

are not equal, what must be 
concluded ? /J 
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P, — That the lines a b and c d are not parallel. 

M. — Again, if it be known 
that the 2 interibr angles 
aef •{• cfe are not equal 
to 2 rt. ^s, what must be 
concluded ? 

P.— That the lines a b and c d are not parallel. 

M. — If the Z8> a ^/ + c/e, are not equal to 2 rt. 
/.s, what may they be, together? 

P. — They may be together either more or less than 
2 rt. Z8. 

M. — If the angles a ef^ cfehe less than 2 rt, ^s, 
what will happen if the lines ab^c dy be produced 
both ways? 

P, — ^The lines a b and c d will meet, toward a and c. 

M. — ^If the angles bef •\- dfe be more than 2 rt. 
/,s, what will happen if the lines a b and c rf be pro- 
duced both ways ? 

P. — The lines a b and cc7 will not meet toward the 
points by d. 

M, — Hence, if any two straight lines intersect an- 
other straight line, on which side of this line will the 
two lines meet, if produced far enough ? 

P. — The lines will ineet on that side of the in- 
tersecting line where the two interior angles are toge- 
ther less than two right angles. 

M. — If, then, we wished to ascertain 
whether the lines a b and c d are parallel 
or not, what must be done ? ^ 
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P, — A third line must be drawn so as to intersect 
a h and c d; and, then, we must ascertain whether 
the exterior angle is equal to the interior and opposite, 
or not ; or, whether the alternate angles are co-equal 
or not ; or, whether the two interior angles are, toge- 
ther, equal to, less than, or more than, two right angles. 

M, — In the Qth case, what will happen if the non- 
parallel lines abf cdy e/, be produced far enough ? 

P. — They will meet and intersect each other. 

M. — In how many points can they intersect ? 



P. — In one point ; 



or, in two points ; 



or, in three points. 




f^ \A 

^' — ^ three lines meet in one point, how many 
angles can they make ? 



P» — Either two angles ; 




d5 
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or, three 
angles ; 



or, foiar 
angles ' 



or, five angles ; 
or, six angles. 



M. — If three lines, n^eeting in one point make two 
angles, what may these angles be ? 

p. — Only acute angles : 
for, if the angles ab c and 
cbd were right angles the J 
lines a b and b d would be 
in one straight line thus : — 

and, if the angles ab c and c Z d 

. c bd were obtuse, the three 
lines a by c by and d b would 
make three angles, thus : — 



u 







\i 
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M, — Hence, if three lines, meeting in one point, 
make two right angles, what must be coqcluded? 

-P. — That two of these lines are one and the same 
line. 

M, — But, if three lines, meeting in one point, make 
two angles which, togetJier^ are equal to two right 
angles, what must then be concluded ? 

P.— That the lines a h 
and dhdXQ but one and 

the same line ; for, the a 

line c h may be at right ^ 

angles or not. 

M. — Hence, if you were 
required to ascertain, whe- 
. ther a h and e? ^ are one and 7" 

the same line or not, what would you do ? 

P.— We would endeavour to ascertain whether the 
angles, a 6 c + c/^ c = 2 rt. ^s, or not. 

M. — If three lines, meetmg in one point, make two 
angles, what may these angles be found as to equality 
when compared ? 

P.— Either equal or unequal. 

M—lf the angles a h c and 
chd are equal, what happens when 
the angles are placed upon each Jy 
o^er, so that their vertices coincide ? 

P.--a h will fall upon h d and coincide with it. 

JIf.— And, if o ft = ft J, what, then, will result ? 

P. — The point a will be upon the point d. 
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a 




M, — But, if the angles abc and cbd 
be unequal, and be so placed upon each 
other that their vertices coincide, will, 
a b then be upon b df 6 

P, — No : a b will either be within the angle cbdy 
or, without it, — according as the angle a 6 e is greater 
or less than the angle cbd. 

M, — What may the sum of these two angles be ? 

P, — They may, togethery be either less than one 
right angle ; or, they may be, together, equal to one 
right angle ; or, they may be greater than one right 
angle, but they must be less than two right angles. 

M. — ^If three lines make three angles, what is the 
sum of these angles ? 

P, — They are together equal to two or to four right 
angles. 

M, — Show this. 



.4 




The 3 ^s, odfc -f cdfe + crfft = 2 ^8, adfc + c rfj. 
But the 2 ^s, a rfc -f c rf 6 = 2 rt, ^s ; 
therefore, the 3 ^s, a ^c + c ^ c 4- c cf ft = likewise, 
2 rt. ^s. 



Next, produce any of the three lines, ad; d 



hy^ e 

the 3^8ac?ft + a^c + ftcfc=:the 4 ^8acf* + 
+ adc ^ bde -{■ e d c. 
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Butthe4^s,arf^ + adc + hde + edc=:4rtz.»; 
therefore, the 3 ^s, adb + adc + bdc=i4TU Z.8. 

M. — If three lines, meeting in one point, make either 
four, five, or six angles, what is their sum in each 
case ? 

P.— Four right angles. 

jl!f._What, then, is the sum of all the angles about 
one point ? 

P, — Always four right angles. 

M. — If three lines meet and intersect each other in 
two points, what is the least, and what the greatest, 
number of angles which they can form ? 

P, — The least number is turn ' 
angles ; 




and the greatest number, 
angles. ' 

M. — ^In the former case, if each of the angles, dab 
and c 6 a, is a right anglq, what must we conclude? 

P, — That the lines d a and c b are parallel. 

M, — And if their sum is = 2 rt. ^s ? 

P, — That the lines d a and c 6 are parallel. 

M. — But, if their sum be less or greater than 2 
rt. ^s? 

P. — ^If their sum be less, b a and c d must meet 
toward the points c and d; and if their sum be greater 
than 2 rt. ^s, the lines d a and c b will not meet. 

M, — In the former case, the lines da and c & are said 
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to converge towards e and d ; and, in the latter case, 
they are said to diverge, 

M. — If three lines, intersecting each other in two 
points, make eight angles, what is their sum ? 

P. — Their sum is equal to 8 rt. ^s. 

M. — If three lines meet and intersect each other in 
three points, what is the least, and what is the great- 
est, number of angles they make ? 

41 

P. — The least number is 
angles ; 




and the greatest number 

^gles. ^_^ ^_^ 

' M, — What do you observe respecting these lines ? 
P. — They inclose a space — they form a triangle. 

SUBSTANCE OF THIS SECTION. 

18. If two parallel lines intersect another straight 
line, they make the exterior angle equal to the interior 
and opposite angle. 

19. If two parallel lines intersect another straight 
line, they make the alternate angles equal to each other. 

20. If two parallel lines meet another straight line, 
they make the two interior angles together equal to 
two right angles. 

21. If two straight lines intersect another straight 
line, so as to make the exterior angle not equal to the 
interior and opposite angle, these two lines are not 
parallel. 
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22. If two Straight lines intersect another straight 
line, SO as to make the alternate angles not equal to 
each other, these two lines are not parallel. 

23. If two straight lines meet Another straight line, 
and make the two interior angles, together, less than 
two right angles, these lines will meet if produced 
far enough on that side of the line on which are these 
interior angles. 

24. If, at one point in a straight line, two other 
straight lines make the adjacent angles, together, equal 
to two right angles, these two lines are in the same 
straight line. 

SECTION III. 

ONE TRIANGLE. 

ilf. — State all you have learnt concerning triangles. 
(See Lesson IV.) — ^We shall now examine triangles 
more minutely. Can there be a triangle of which all 
the angles are right angles ? 

P, — No : for, if each of the angles abc 
and a c b were a right angle, the lines y^. 

a h and a c would be parallel and, there- / \ 

fore, could not meet at the point a; ^^ — ' 

nor could a h and b c meet if the ^s, b ac and b c a 
were right angles, — ^nor a c and 6 o if the ^s, cab 
and cb a were right angles. 

M, — ^Try if two of the angles can be right angles. 

-P. — They cannot ; there cannot be a triangle of 
which two angles are right angles : for, 
if ^^yobc and acb were right angles, 
a b and a c would be parallel, and, there- 
fore, could not meet at the point a. ^ ' 
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ilf.— What, then, must be concluded with respect 
to the sum of any two angles of every triangle ? 

/>._The sum of any two angles of every triangle 
must be less than 2 rt. ^s: for, if ^/ 

^s, aftc + acft=2rt. ^s, the lines 

a h and b c would be parallel, and could h /_ \ c 

not, therefore, meet at a. 

iHf. — Can one of the angles of a triangle be a right 
angle ? Such a triangle is called a right-angled triangle. 
Can there be a triangle of which the three angles are 
obtuse angles ; or, of which two angles are obtuse an- 
gles ; or, of which one angle is obtuse ? 

-P. — The three angles of a triangle can- a^ 
not be obtuse; because, i£ j/^sabc and acb 

are obtuse, then ^Sy ab c -{■ ac b are J^/ \c 

greater than 2 rt. ^s ; and, therefore, a b and a c cannot 
meet at a, but must diverge continually : and the same 
may be said of the lines a b and b c, or ac and c b. 

For the same reason, there cannot be a triangle of 
which two angles are obtuse: but the one angle 
of a triangle may be obtuse. 

M, — Such a triangle is called an obtuse-angled trian- 
gle. — Can the three angles of a triangle be acute 
angles ? 

P. — The three angles of a triangle may be acute. 

M. — ^What may be concluded from what you have 
discovered concerning the sum of the angles of every 
triangle ? 

-P. — The sum of the angles of every triangle cannot 
be three right angles ; neither can it be three obtuse, 
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that is, more than three right angles : it must there- 
fore, be less than three right angles. 

iHf.— -Let abche B, triangle : find the 
sum of the angles ab Cy acb^ and bac* 

\/^ — ^^ 

It is advisable, here and in sim ilar cases, to leave 
the pupils, unassisted, to the operation of their own 
faculties ; and, should their efforts not prove success- 
ful, the time, thus occupied, must not be considered 
mis-spent, — inasmuch as such efforts will tend, per- 
haps more than anything else, to impart to them that 
habit of independent and patient thought and research, 
which constitutes a fundamental element of the mathe- 
matical character, as well &s of every well-trained 
mind. All answers to such questions as the last should 
be submitted to the criticism of the class : — and the 
master may, ultimately, assist their endeavours, or 
correct and arrange their results — after the following 
example : — 

M. — ^In the triangle a be, 
draw from the point c a line, 
c d, parallel to one of the 
sides of the triAngle. Which {^ 
side must that be ? 

P.T— Parallel to the side a b, 

M. — What have we, thus, obtained ? 

P. — The angle a c d. 

M. — And, to what angle is ac d equal ? 

P; j^acdzz ^bacy for, they are alternate angles, 
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formed by the parallel lines a b^ c d, meeting the 
straight line a c, 

ilf._The three angles of the triangle are, therefore, 
together, as much as — what other angles ? 

P. — The angles of the triangle, 

ab c '\' acb •\-b aczz ^s, abc'\-acb-\-acd, 

ifcf.— And to what are the /^s^ab c •^ acb •\' ac d 
equal ? 

/> — ^s, abc'\-acb-\'acdzz^xU ZJ&\ 

because they are equal to 

ji^8fabc+dcb, which are "equal to 2 rt. ^s, — for, 
they are the two interior angles formed by the parallel 
lines a b and d c meeting the line b c, 

M. — ^What must thence be concluded ? 

P.— That the angles, abc + acb + bac,ofthe 
triangle abc are, also, equal to two right angles. 

M. — State, now, in writingy what we have just 
said. 

P, — From the point c of the ^ d^ 

triangle abc draw the line c df paral- 
lel to ab; 1 

then, because a 6 and c d are parallel, 

the ^ 6 a c = Z altern. a c d, 

To each of these angles add ^Syocb + abc; 

then, ^s, bac '\'acb + abc=i ^s, acd + a cb 

•\- ab c* 

But, ^s, acd '\' acb + «^<? = 2rt, ^s. 

Therefore, /^%yb a c •\- a cb ^ ab Cy likewise, = 2 

rt.Z.8* 




AN INTRODUCTION TO GEOMETRY. 



67 



M. — ^What axioms did you use in this demonstra- 
tion? 

P. — ^If equals be added to equals, the sums are equal ; 
and, things which are equal to the same thing are 
equal to each other. 

M, — ^What has been done, in order to demonstrate 
this truth — " the sum of the angles of a triangle is 
equal to two right angles ?" - 

P* — A line has been drawn, from the point c, paral- 
lel to one of the sides of the triangle. 

M. — Such a line is called an auxiliary line ; for, it 
is by the help of this line that we have been enabled 
to demonstrate this truth. Is it necessary to draw an 
auxiliary line from the point c exclusively f 

P. — No : a line may be drawn from the point a^ 
parallel to the side 6 c, or from the point 6, parallel to 
the side a c. 

M. — ^In general, then, an auxiliary line may be drawn 
from eUher of the points a, by c, parallel to what 
side? 

P. — That side^ which is opposite to the angle from 
the vertex of which the parallel line is drawn. 

iff. — Produce the auxiliary line c d from the point c ; 
what do you obtain ? 



P. — The angle bee. 
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M, — Endeavour to demonstrate the same truth by 
means of the two angles a c d, b c e, 

-P. ^ ac d=i alternate ^bacy 

and j^ b c e = alternate Z.abc; 

therefore, ^s, acd + bce^n ^s, b a c + ab c. 
To each of these equals add ^.bca; 
then, ^8, a c d + bee -{- bcazz ^s, bac + abc -\- 
b c a: 

But ^s, a c d + b c e -{■ b c a ^ 2rt. ^Q ; 
therefore, Z.Sybac + abc + bcch likewise, = 2 rt. ^ fik 

M. — Find whether or not the sum of the angles of 
evertf triangle Is^equal to two right angles. What, then, 
must each of the angles of an equi-angular triangle be ? 

P. — ^The third part of two right angles ; that is, two 
thirds of one right angle. 

M, — ^If one of the angles of a triangle be a right 
angle, what will be the sum of the other two angles ? . 

P, — The sum of the other two angles must be equal 
to what remains after the subtraction of one right angle 
from two right angles, — that is, to one right angle. 

M, — Hence, what are the angles of a right-angled 
triangle ? 

P. — One angle is a right angle, and each of the other 
two angles is acute. 

M, — If one of the angles of a triangle is obtuse, 
what is the sum of the other two angles, and what is 
each of them ? 

P. — The sum of the other two angles must be 
less than one right angle ; and, therefore, each of them 
must be acute. 
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M. — ^If one of the angles of a triangle be acute, 
what must be the sum of the other two angles, and 
what may each of them be ? 

P. — ^Their sum must be greater than one right an- 
gle : one of them may, therefore^ be a right, the other 
an acute angle ; or, one of them may be obtuse, and 
the other acute ; or, each of them may be acute. 

M* — ^If it be known that the sum of two angles of a 
certain triangle is equal to one right angle, what may 
be concluded with respect to the triangle ? 

P. — As the remaining must be a right angle, the tri- 
angle must be a right-angled triangle. 

M. — If it be known that the sum of two angles of 
a certain triangle is less than one right angle, what 
may be concluded with respect to the triangle ? 

P. — ^The remaining angle being obtuse, the triangle 
must be obtuse-angled. 

M* — ^And, if it be known that the sum of two angles 
of a certain triangle is greater than one right angle, 
what may be concluded ? 

P. — The remaining angle must be acute ; but, the 
triangle may be right-angled, obtuse-angled; or acute- 
angled. 

M^ — ^What may we obtain by producing one of the 
sides of a triangle ? 




P, — An angle such as acd. 

hi 
M. — How is this angle situated with respect to the 

triangle ? 
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P. — It is without the triangle. 

M. — On that account it is called an exterior angle* 
By what name would you designate the angle achf 

P. — ^I would say that the angle a c b is adjacent 
to the exterior angle ac d. 

M, — The other two angles b ac and abc are called 
the interior and opposite angles with respect to the ex- 
terior angle a c d. Now compare the exterior angle 
ac d with each of the interior angles of the triangle 
abc^ and state the various results of the comparison. 

P. — L The exterior angle acd may 
be equal to its adjacent angle acb ; in 
this case each of them is a right angle, i. 
and the triangle abc is, therefore, a right angled- 
triangle. 

2. The exterior angle acd may be 
greater than its adjacent angle acb: 
the exterior Z^acd is, then, obtuse, ^^ 
the adjacent /^acb being, therefore, acute ; and the 
triangle may be a right-angled, obtuse-angled, or acute- 
angled triangle, — ^because either of the interior opposite 
angles a b c, b a c may be right, obtuse, or acute 
(page B4). 

8. The exterior angle acd lasiy be 
less than its adjacent angle acb. 
The exterior ^ a c df is, then, acute, I y^ /e i 
the adjacent ^acb obtuse, and 
the triangle abc, therefore, obtuse-angled. 

4. The exterior angle acd is 
always greater than the interior 

6Z XiL 
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and opposite angle ahc: for, — 

because ^s, ac d + acb=s 2 rt. ^s, 

and ^8, ab c + ac b Sire less than 2 rt. ^s ; 

therefore, Z.^, a c d + a c b are greater than ^s, 

ab c -{- a cb: 

from each of these unequals if you take away^ acb, 

there remains the exterior /^acdy greater than the 

interior and opposite angle ab c. 

5. The exterior angle acd\&y A^ 

likewise, greater than the other / \ 
interior and opposite angle bac: h/ \t? ^^ 

for, because ^s, acd + acb=i2rU ^s, 
and ^s, bac + acb are less than 2 rt. ^s ; 
therefore, ^Sy a ^ d -{■ a c b are greater than ^s, 

from each of these unequals if you take away ^ ac dy 
the exterior z_ac d remains greater than the interior 
and opposite ^b a c. 

M, — Use the sign < for the words ** is or are less 
than," 

and the sign > for the words **is or are greater 
than;" 

also, the sign /. for the word " therefore," 
and the sign •/ for the word " because." 
Express Nos. 4 and 5 in words. 

P. — If one side of a triangle beproducedy the exterior 
angle is greater than either of the interior and opposite 
angles. 

M, — Write the demonstration of this truth on your 
slate, and introduce the signs just recommended. 
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P* V Z8> acd-\-acb'=L2xt. ^8, 

and ^s, a^c-fac^<2rt. ^s; 

/. ^8, acd -^ acb^ ^s, a 6 c + a c 6. 

From each of these unequals take away ^ ac h — 

Then, the remaining ext /^acd^ the int. opp, ^ 

a he. 

In the same way, it may be shown that the ext. 
j^ac d is greater than the int, opp. ^bac, 

M. — Compare the exterior angle of a triangle with 
the sum of the two interior opposite angles. 

P, — The exterior angle a c d is equal to the sum of 
the two interior opposite angles a b c + b a c : 
for, 

V Z8> ac d + acb = 2 rt, ^s, 
and, also, ^s, acb'{-abc+bac^z2rt,^8; 
/. Zs> ac d -^ a c bss ^s, acb + abc^bac. 
Take away /_a cb from each of these equals— 
.*. the remaining ext. j^acdzz remaining int. opp. 
^8, ah c -{- b ac. 

M. — Produce two of the sides of a triangle. What 
is the sum of the two exterior angles ? 

P. ^8,acd + acb=i 2rt.Zs> 
and ^s, ebc + abc = 2rU ^s; 
.'. Z.^yacd + acb + ebc + abc 
= 4 rt. Z8 ; g^ 

and, /. ^s, a c d + acb + ebc -{-a b c + bac> 
4 rt. zs. 

From these unequals take ^s, acb+abc-^bac, 
which = 2 rt. ^s; 
Then, the remaining ext ^s, ac d + e b c> 2 rt^s. 





i. 
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Hence, two exterior angles of a triangle are together 
greater than two right angles. 

M. — Produce each of the sides of a triangle. What 
is the sum of the three exterior angles ? 

P. — Each exterior angle to- 
gether with its adjacent angle 
zz two rt ^s; /, the three 
ext. ^s together with the 
angles of the triangle ^ six 
rt. ^s. 

But the ^s of the triangle = 2 rt, ^s ; 
/. the three exterior ^s = 6 rt. ^s — 2 rt. ^s = 
4 rt. ^s. 

Hence, if each of the sides of a triangle be produced, 
the sum of the three exterior angles iz four rt. ^s, 

M, — Produce each of the sides of a triangle both 
ways. What is the sum of the twelve angles ; and, 
what is the sum of the nine exterior angles ? 

-P. — The sum of the twelve angles = 12 
rt. ^s ; and /. the sum of the 9 ext. ^s 
= 10 rt. ^s. Jil 

SUBSTANCE OF SECTION III. 

1. Any two angles of a triangle are together less 
than two right angles. 

2. The interior angles of every triangle are together 
equal to two right angles. 

3. A right-angled triangle is that which has a right 
angle. 

4. An obtuse-angled triangle is that which has an 
oUuse angle. 
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5. An acute^angled triangle is that which has three 
actite angles. 

6. If one side of a triangle be produced, the ex- 
terior angle is greater than either of the interior and 
opposite angles. 

7. If one side of a triangle be produced, the exterior 
angle is equal to the two interior and opposite angles. 

8. If each of the sides of a triangle be produced* 
the three exterior angles are, together, equal to four 
right angles. 

SECTION IV. 
TWO TRIAN6L£&-^THEIR EQUALITY. 

M. — What may be said, on comparing the angles 
of two triangles ? 

P. — 1 . The angles of one triangle are, together, 
equal to the angles of any other triangle; because, 
their sum, in each, is equal to two right angles. 

2. One angle of the one may be equal to an angle 
of the other. 

3. Two angles in the one may be equal to two an- 
gles in the othef, each to each. 

4. The three angles of the one may be equal to 
the three angles of the other, each to each^ 

5. The three angles of the one may be unequal to 
the three angles of the otlier, each to each. 

M. — If an angle of one triangle be equal to an angle 
of another triangle, what may be said of the other 
two angles, in each ? 

P. — The sum of the other two angles of the one 
triangle must be equal to the sum of thie remaining 
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two angles of the other ; because, the sum of the three 
angles of the one is equal to the sum of the three 
angles of the other, and if the equal angles be sub- 
tracted from these equals, the remaining angles must 
be equal. 

M, — ^If two triangles have two angles of the one 
equal to two angles of the other, each to each^ what 
may be said of the remaining third angles ? 

P. — They must be equal, — ^for the reason alleged 
in the former case. 

M, — ^What may be said, then, of the angles of these 
triangles? * 

P. — ^The angles of the one are equal to the angles 
of the other, each to each. 

M. — ^Draw two triangles having one angle of th« 
one equal to one angle of the other. 

Aft 

P. — ^Let the angle h ac 
be ^qual to the angle e df> 




M, — ^If the angle hac 
be equal to the angle 
e dfy wbat happens, if h/ 
the triangle e d f he 
placed upon the triangle 
abc^ so, that the point d may be upon the point a, 
and the ai^le e df upon the angle bacf 

P. — The side e d nrnst fall upon the side a by and 
'the side df upon the side ac, 

Jf. — And, where may the points e and/ fall? 

£2 
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P, — Either somewhere on the 
sides a b and a c, — when de and df 
are, each, less than a h and ac ; ' e 



Or, 

one of them may fall upon a b and the 
other beyond the point c, — ^when de\% 
less than a b, and df is greater than ac;ff/ 



Or, 

both may fall beyond the side 
b Cy without the triangle a b c, 
— when d e and df are both 
greater than a b and a c. 



M.--Aud, when will the points e and/ fall exactly 
upon the points b and cf 

P.—Whende = a b, andcf/= a c. 

M,^And where, then, will the side efMl ? 

P.— e/must fall upon b c, and ef must; also, be 
equal U) be; because, since the point e falls upon b, 
and the point /upon c, the whole line c/must fall 
upon the whole line b c, and be equal to it,— for, ef 
and b c are straighty not curved, lines* 

itt— And, what may be said of the remaining two 
angles of each triangle ? 
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P. — The angle d c/ must be equal to the angle 
abc, and the angle dfe must be equal to the angle 
acb, 

M. — ^And what may, then, be said of the triangles 
themselves ? 

P. — The triangle d e f must be equal to the tri- 
angle a he. 

M, — ^Then, when are two triangles equal to each 
other? 

This question the author has been accustomed to 
propose to his class previously to the preceding in- 
vestigation, which is strictly in accordance with the 
demonstration of Euclid. (B. I. Prop. 4). The an- 
swers of his pupils were, however, generally of such 
a nature as to render the demonstration too loose 
and unmathematical ; and he has, accordingly,^ found 
it necessary to lead their thoughts into a chain of 
reasoning similar to the preceding, 

P. — Two triangles are equal, when two sides of the 
one, with the included angle, are equal to two 
sides of the other, each to each, with the included 
angle. 

M. — Instead of, " the' included angle," or *' the 
angle between them," say, « the angle contained by 
them," What may be said of the third sides of two 
such triangles? 

P* — Their third sides are equal. 

M, — And, of the remaining angles in each ? 

P. — The remaining angles of the one are equal to 
the remaining angles of the other, each to each. 
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i!f-— Then, if a ft=: 
df^ and aet^sdcy and 
L bac zsz /^ e d ffl^ 
state what Jrou know ^ ^^""^^f 

of the triangles ahc and def. 

P. — The side ^ c = side €fi 
/^ahc'=L ^ dfey 
and /iacbzz. /^d ef. 

M. — Could the angle a b c be equal to the angle 
deff 

P, — No : because if the triangle d if be applied to 
the triangle a 5 e so that the point a may be on the 
point dy and the side a b upon the side, equal to it, dfy 
the side a c will fall upon d e,-^ 
because /^bac:zi ^ c df; 
the point /will fall upon the point b^-^ 
because a 6 tss df; 

the point c will fall upon the point e,— 
because aczzde ; 

and, hence, the third side b e must fall upon ef and be, 
therefore, equal to ef 

Also the triangle a b c must fall upon the triangle 
d ef and be, therefore, equal to it ; and the j^ abc 
upon the ^ dfe, and /^acb upon Z^def 
Hence, these angles must be equal: and the angle 
ab c cannot be equal to the angle def unless Z^def 
be likewise equal to ^ dfe. 

M. — ^What may be said of the sides which are op- 
posite to the equal angles^ in each triangle ? 

P. — The sides opposite to the equal angles are equal. 



AN INTROBUCnOK TO GEOMETRY. 79 

Jf.-*>Afid what, of the angles to which the equal 
sides, in each triangle, are opposite ? 

P.' — The angles to which the equal sides are oppo- 
site are equal. 

jf,.-.Now^ state connectedly the different truths we 
have established respecting two such triangles. 

P.— If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have like- 
wise the angles contained by those sides equal to each 
other — their third sides are equal — the triangles are 
eqvud — and their other angles are equals each to eachy 
namely, those to which the equal sides are opposite. 

M. — ^Demonstrate this truth on your Slates, 

The pupils must give a demonstration in all respects 
similar to the preceding ; and great attention should 
be paid to neatness of performance, correctness of 
statement, and methodical arrangement of the several 
parts. 



d 




M.~ 



But, if in the triangles ahc and d ef, 
ab :=zdey a c zz dfy 
and ^ e df is greater than /^b ac, 
what will necessarily be concluded with respect to 
their third sides or bases, ef and 6c? 
P. — The base c/must be greater than the base be. 
M. — State this deduction at full length. 
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P4 — If two triangles have two sides of the one 
equal to two ^ides of the other, each to each — but, 
the angle Contained by the two sides of the one 
greater than the angle contained by the two sides, 
equal to them, of the other — the base of that triangle 
which has th6 greater angle, is greater than the base 
of the other. 

N.B. This theorem may be demonstrated, by making 





Z*«^= Z««^/anda^ = dfor ac; 
and by joining c ^ and 6 ^—(Euclid, B. L Prop. 24) ; 
though it may, perhaps, be desirable to defer the 
demonstration until the rehearsed of this section. 

M. — State what you know of an isosceles triangle. 
(Introduct. Lesson IV.) 

P. — An isosceles triangle is that of which two sides 
are equal : the third, the unequal, side is called the 
base ; the angles adjacent to the base are called the 
angles at the base. 

M. — Compare the angles at the base of an isosceles 
triangle. 

P. — ^In the tri- a 

angle abcy 
let a 6 = a c ; 
draw the straight line a rf, bisecting /^hac: 
then, *.* abzz.a c, and ad \s common to the two tri- 
angles, adh and ad Cy 
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and the /^h adzz /^c ad: 

.*. the third side h d^z. third side c d^ 

the triangle adh ^ triangle cad, 

and the remaining angles of the one are equal to the 

remaining angles of the other, each to each, namely, 

those to which the equal sides are opposite ; 

and /, Z^adbzz j^adc^ 

and /^abdzz j^ac d — the angles at the base. 

Then, in an^ isosceles tnanghy the angles at die base 

are equal to ea/ih otJier, 

(Should the pupils be unable to discover the manner' 
of drawing the auxiliary line a d, the master may 
thus far assist them, then leaving them to find out 
the demonstration, by themselves. The demonstra- 
tion of EucHd (B. I. Prop. 5.) is, at this stage, too 
prolix, and may be dispensed-with till they are pro- 
perly prepared to enter on the study of his Elements. 

M. — From the manner in which a d has been 
drawn, what other properties can you discover in an 
isosceles triangle ? 

P. — ^When the angle opposite to the base of an 
isosceles triangle is bisected, 

1. The base is, likewise, bisected ; 

2. The bisecting line is at right angles to the base. 
M, — The angle opposite to the base of an isosceles 

triangle is usually called the angle at the vertex^ In 
an isosceles triangle^ if the base be bisected, and, 
from the point of bisection, a straight line be drawn 
' to the angle at the vertex, how will such a line affect 
this angle ? 

E 5 
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• P, — The angle a b c at 
the vertex is bisected by 
bdf 
for \* abstibc, and 

adz=.cd{ac being bisected), 
and Z^b ac^Bi /^bc d; 

/• the triangles a b d and c b d are equal in every 
respects 

Hence /^abd^:i ^cbd; 
.\ Z^ab Cy at the vertex, is bisected. 

M, — How^ are the 6^/a/ angles of an isosceles tri- 
angle situated with regard to the sides f 

P. — ^The two equal angles are opposite to the two 
equal sides. 

M* — Hence, if two angles of a triangle be equal to 
each other, what must follow ? 

[In an introductory course of study, it is advisable 
to omit demonstrations of the eoni^erse truths; and, 
accordingly, few will be found in this treatise. In- 
deed, the indirect method of demonstration (reductio 
ad absurdum), — as, among other reasons, involving 
the assumption of an t^^truth, and being the least 
satisfactory, — is unsuitable to beginners or young 
learners ; and it should, therefore, be avoided, as much 
as possible, in initiatory instruction.] 

P. — The sides which are opposite to these two 
equal angles are equal to each other — that the triangle 
is isosceles, * 

M. — Hence, if the three sides of a triangle are 
equal, — that is, if a triangle is equilateral^ — what 
may be said of the angles ? 
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P. — The angles of an equilateral triangle are 
equal : an equilateral triangle is equi-angular, 

ilf.— -Demonstrate this« 

P, — Let a 6 c be an equilaieral ay 

triangle ; 
then •/ ab=z ac, 

^abe =:a c b ; / \ 

and V o 6 s= 6 c b^ -^c 

/^b acTnach: 
/. Z^abczz ^b*a c = /^atb; 
and «\ the trian^e a ^ c is tquiangtdar. 

M, — And, if a triangle be equiangular, what may 
be said of its sides ? 

P. — If a triangle is equiangular, it is also equilateral. 

M. — Since a triangle of which the sides are equal 
has likewise its angles equal, what may be inferred if 
the sides be t^^iequal ? 

P, — That the angles are, likewise, unequal. 

ilf.-^-And^ what angle must, Uien, be greater than 
either of the others ? , 

P, — ^That to which the greater side is opposite. 

Jlf.-^Demonstrate this, by means of those truths 
with which you are already acquainted. 

P. — ^In the triangle abc^letbe 
be greater than a c; the angle 
bacy opposite b c, shall be greater 
than the angle a be, opposite ac: 
V a c is less than b c. 
Produce 6 c at a, and make c dzzbc, 
and join d b; 
then '.' b c zz d c^ 
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Z^ebdzz j^edb; 

But ^h ac^ int. opp. /^cdh ; 
much more .". Z^hac^ j^ahc. 

Hence, in every triangle the greater angle is opposite 
to the greater side. 

M. — If, then, it be known that one angle of a tri- 
angle is greater than another angle, what must be 
concluded with respect to the sides subtending [op- 
posite to] these angles ? 

P. — The side subtending the greater angle must be 
greater than the side subtending the less. 

M. — Which, then, of the sides of a right-angled 
triangle is the greatest ? 

P. — The side subtending the right angle. 

M, — And in an obtuse-angled triangle, which is the 
greatest side ? 

P. — The side subtending the obtuse angle. 

M. — In an equilateral triangle, compare the sum of 
any two sides with the remaining side. 

P. — Any two sides of an equilateral triangle must 
together be greater than the remaining [third] side, 
because all the sides are equal. 

M. — But, in any triangle, are two sides together 
greater or less than the remaining third side ? 

P. — ^The sides, 6 a + a c must be 
greater than h c, because 6 c is the 

shortest distance between the points ^^ -^1^ 

h and c. 

For same reason, ah •{- hc^acy and 
ac -^ bc^ ah. 
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ilf.— This truth may be demonstrated by converting 
two sides into one : endeavour to do so. 

P. — Produce the side a 6 at the 
point ay and make a d^ the part produced, 
equal to c, and join dc .* 
then V adziz ac, bj 

/^adcvsz ^acd; 
/. j^bcdy^ j^adc. 

And * .* to the greater angle the greater side is opposite ; 
/. bd^'dcy 
but bdznb a + ac : 
.^, ba + ac > be. 

Hence, (znt^ two side^ of a triangle are toge^er greater 
than the remaining side. I 

M, — In the triangle abcy let 
the side 6 c be greater than ab ; 

how would you discover the ex - o y^ /ik 

cess oibc over a 6 — i.e. by how much ftc is greater 
than abf 

P. — By cutting off from the greater, 6 c, a part equal 
to ab; the remaining part must be thd difference, in 
length, between b c and a b. 

M.^ — Compare this difference between two unequal 
sides of a triangle with the remaining [third] side. 

P, — ^Let ft c be greater th^ a b . ^ 

from b c cut oSbd=ab : 



dc 18 the difference between ft c and a ft. 

Then, because any two sides of a triangle are. to- 
gether greater than the third side, 
ba •{- ac^bc; 
but ba=ibd; 
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From these unequals take*away b d, which is common 

to both — 

there remains ac^dc. 

Hence, the difference between any two sides ofu trixxngie 

is less than the third side, 

M, — The same truth can be demonstrated by means 
of the anglos : try this method. 

P.— Let rf c be the diflference a 

between b c and ab; join a c^: 
then •/ ba^bdy 

j^bad=Z,bda; 
but the ext.Zarfc>int. opp. Z^bad; 
.'. Z. odc^ j^ bda. 
Also, the ext. Z ^^<* > i°^ ^pp. Z. dac; 
much more .\'j^adc y- j^dacg 
but to the greater angle the greater side is opposite — 
.'. ac^dc — 

that is, the difference, dc^ between 6 c and a b, is less 
than the third side, ac. 

ilf.— Compare the three sides of a triangle with the 
double of any one side. 

P.— The three sides of any triangle are togetlier 
greater than double the length of any one side; 
for, a 6 + a c being > 6 c, 

add 6 c to each of these unequals; 
then a 6 -^ ac -{- bc^bc + be. 0^^ \o 

SUBSTANCB OF. SECTION IV. 

1. If two triangles have one angle of the one equal 
to one angle of the other, the sum of the remaining 
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two angles of the one 10 equal to the sum of the re- 
maining two angles of the other. 

2. If two triangles have two anglel of the one equal 
to two angles of the other, each to eadi, the third 
angle of the one is equal to the third angle of the 
other ; that is, the triangles are equiangular. 

d. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have like- 
wise the angles contained by these sides equal, their 
third sides are equal, the triangles are equal, and the 
remaining angles of the one are equal to the remaining 
angles of the other, each to each, namely, those to 
which the equal sides are opposite. 

4. If two triangles have two sides of tlie one equal 
to two sides of the other, each to each, but the angle 
contained by the two sides of the one greater than the 
angle contained by the two sides, equal to them, of the 
other, the base of that triangle which has the greater 
angle is greater than the base of the other. 

5. The angles at the base of an isosceles triangle are 
equal. 

6. In an isosceles triangle, the straight line which 
bisects the vertical angle bisects the base. 

7. In an isosceles triangle, the straight line which 
bisects the vertical angle stands at right angles to [is 
perpendicular to,] the base. 

8. In an isosceles triangle^ if the base be bisected, 
the straight line joining the vertical angle and the 
point of bisection bisects the vertical angle and stands 
at right angles [Ib perpendicular to,] to the base. 
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9. If a triangle be equilateral, it is likewise equi- 
angular. 

10. If two angles of a triangle be equal to one an- 
other, the sides opposite to them are likewise equal ; 
that is, the triangle is isosceles. 

11. If a triangle be equiangular, it is likewise equi- 
lateral. 

12. In every triangle the greater side i^ opposite to 
the greater angle. 

13. In every triangle the greater angle is subtended 
by the greater side. 

14. Any two sides of a triangle are together greater 
than the third side. 

15. T}ie difference between any two sides of a. 
triangle is less than the third side. 

16. The three sides of every triangle are together* 
greater than double the length of any one side. 

SECTION IV. 
EQUALITY OF TRIANGLES. 

M. — ^Describe a triangle ; in it take any point, and, 
from the extremities of any one side of the triangle, 
draw lines to that point: what is the result ? 

a 

P. — Two triangles, ah c 
and hdc* 

\ 

M. — 'What have these two triangles in common 9 
P.— The base b c. 




AN INTRODUCTION TO GBOMBTRY. SQ 

M, — Compare the sum of the sides b d and d c with 
the sum of the. sides b a and a c. 

Obs. — As it is important that the pupils should 
find-out a method of demonstration for themselves, 
the master ought, in this and everj similar instance, 
to withhold assistance as long as he perceives the ma- 
jority of the class actively engaged in the investiga- 
tion of the question. If, ultimately, the pupils should 
not succeed in discovering a demonstration, he may 
direct their attention to the main points in the ques- 
tion : thus, with respect to the preceding — 

M. — ^What are you required to do ? 

-P. — To compare b d + d c with ba + ac. 

M. — ^What does that mean ? ' 

-P. — ^To try whether b d '\- d c is equal to, or 
greater, or less than ba + ac. 

M. — ^When the sides of triangles are to be compared 
with each other, which of the preceding truths will 
guide you ? 

P. — " The greater side subtends the greater angle ;" . 
or, " any two sides of a triangle are together greater 
than the third." 

M. — If you adopt the former of these truths, how 
must you draw a line so as to find a relation between 
b a and bd? 

P. — We must join the points a and d. 

M. — ^Do this, and see if it will assist you. 

The pupils will find that it cannot assist them, be- 
cause the point d is not determined. 

M,r^Andy if you wish to use the other truth, you 
have mentioned, what must be done ? 
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Here, the master should leave the pupils to their 
own resources : they wiU, doubtless, find that either 
h d or cd must be produced, — ^if the preceding les- 
sons have been thoroughly understood. 

When any of the pupils have succeeded, let the 
master describe a triangle on the large school-slate, 
and the sudtessful pupil submit his demonstration to 
the class, the master writing it down as the pupil 
proceeds. Thus : 




{Pupil dictating, and the master writing*) 
Produce bd to e ; 
then, ba -{• ae being ^be, 

add ec to each of these unequals — 
.'.ba-^ac'^be -fee. 
Also, de -{- ec being > rfc, 

add bd to each of these unequals — 
/, be -\' ec^ bd -{- dc. 
But, it has been shown that 

ba '{' ac'^ be + ec/ 
much more ,*. ib ba + ac'^ bd -{- ec. 
Hence, if a point be taken in a triangle, the straight 
lines drawn to it from the extremities of any one side 
are, together, less than the other two sides of the 
triangle. 

The master may, now, let the rest of the class read 
[not aloud] what is written on the slate; and, -there- 



AN INTRODUCTION TO OEOMETRY. 91 

after, the demonstration being rubbed-out» let each 
pupil, in turn, be called-upon to give an oral demon-> 
stration of the problem. 

If the class consists pf many pupils, the recapitula- 
tion of the solution by each pupil is apt to occasion 
inattention, on the part of those who fiflly know it. 
It is, then, advisable to let each pupil take a share of - 
the demonstration — not in regular rotation, but at the 
call of the master, in order, the more effectually, to 
sustain universal attention* 

This exercise having been gone-through^ let the 
pupils be called-upon to re-produce the whole in 
writing, on their own slates — the master carefully 
revising what they have written. 

Should there be, after all, some, weaker, pupils in- 
capable of doing so, the -master may assist them by 
writing, on the school-slate, the main points of the 
problem, thus : 



a 




I- , 

Show that 
1. ha ■\' ac^he + cc. 

3. Draw the necessary inference. 

The preceding process has been found service- 
able even to those who fully understand the demon- 
stration ; as, they are thereby led to resolve the prob- 
lem into its component parts. 



92 



LESSONS ON FORM, BEING 



Moreover, it is not an unnecessary practice to in«^ 
vett diagrams in all possible ways, — and, in this in- 
stance, to produce, now 5e, and, at other times, dc* 



I 





M. (continues). — ^Wbere must the pointed be taken 
so that hd + dc shall be less than any other two lines 
drawn to another point in the triangle ? 

P. — The point d must be taken very near the side 
h c, — it must be taken in the side he; thus : 
a 0, 




M. — And where must the point d be taken so that 
hd '\' dc may be greater than any other two lines 
drawn to another point in the triangle ? 

P* — The point d must be taken very near the ver- 
tex, a, of the triangle, thus: 

a 




M. — And, what is to be observed, if the point d is 
taken in the vertex a .9 

P. — The lines demand cc?, then, coincide with the 
sides, ha and ca, of the triangle. 

M. — And, what may, then, be said of the two tri- 
angles a 6c and hdc'^ 
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P. — That the sides of the triangle h dc coincide with 
the sides of the triangle ahcy each with each; and 
consequently, that the triangles are equal to each 
other. 

i!f. — You are already acquainted with one in- 
stance of the eqtudity of triangles ; what is it ? 

P. — Two triangles are equal when they have two 
sides of the one equal to two sides of the other, each 
to each, and have likewise the angles contained by 
those sides equal. 

M, — Now, I think, from what you have before re- 
marked respecting the triangles ahc and bdcy you 
will be able to find out another instance of the equality 
of triangles. What is it ? 

p, — Two triangles are equal when the three sides 
of the one are equal to the three sides of the other, 
each to each. 

M. — Right; and what angles are equal in two 
such triangles ? 

P. — Those angles which are opposite to the equal 
sides. 

M. — ^Dlustrate what you have said, by drawing two 
triangles having these requisites. 




In the triangles ahc and defy 
if o hzzdeyacT=.dfy and 6 c = ef; 
then, j^achzz ^ dfcy Z^ab czz. /^ defy dxA 
j^bae =^ Z.e df — 
and A abczz, A def 
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M. — If, then, in the triangles ahc and d efy 
ah-zide and aczz df, 
but the base ef is greater than the base he; 
what must be concluded with respect to the angle e dfy 
which is opposite to the greater base ? 

P. — The angle e df must be greater than the angle 
hac. 

M. — State this proposition fully, in words. 

P,*-wIf two triangles have two sides of the one equal 
to two sides of the other, each to each, but the base of 
the one greater than the base of the other, the angle 
contained by the sides of that triangle which has the 
greater base is greater than the angle contained by 
the sides, equal to them, of the other, 

M. — There is, yet, something to be remarked with 
regard to the angle which the lines bd, cd contain — 
(describing tke figure on the slate). 




Compare the angle bdc with the angle ft a c. 

P, — The angle bdc \^ greater than the angle 
bac; 

for V exterior /^ bee of C^ bae^ int. opp. Z^bac^ 
and the exterior /^bdcoi t\dec^ int. opp. Z^bec; 
much more .\i% Z^bdcy^ Z^bae. 
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The pupils repeat the demonstration and, then, write 
it on their own slates ; the master, as before, writes 
upon the school-slate the following : 

Show that 

1. A^^^^ A hac. 

2. Z.hdcy- j^hec. 

3. Thence draw the necessary consequence. 

M, — Hence, the angle formed by two lines drawn 
from the extremity of any side of a triangle to a point 
within it is greater than 

P. — The angle contained by the other two sides of 
the triangle. 

M. — Compare the angles d b c and deb with the 
angles a be and acb. 

P. — The angles dbe and deb are, evidently, less 
than the angles abc and a e 5, — because they are only 
parts of the latter angles. 

M, — Where must the point d be taken, so that the 
angles dbe and deb may become equal to jbhe angles 
abc and acbf 

P. — ^The point d must be taken in coincidence with 
the point a. 

M, — And what may, then, be said of the triangles 
abc and dbe? 

P. — They are equal to each other. 

M, — After supposing, then, the angles dbe and deb 
equal to the angles abc and acby each to each, there 
are two other parts in the triangles abc and dbe, 
which are equal to each other, or which these triangles 
have in common, if we consider them separated from 
each other. What are they ? 
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P.— The side be. , 

^.— And how is this side situated with respect to 
the angles ? 

P, — ^It is adjacent to them. 

M. — Describe two triangles having the following re- 
quisites : two angles, and the side adjacent to them, of 
the one, equal to two angles, and the side adjacent 
to them, of the other. 




Let z.bac -zz ^ defy 
j^ach '=• /. dfty 
and ac ^ ef. 

M, — ^If one of these triangles, we suppose to be ap- 
plied to the other triangle, so that the point e may be 
upon the point a, and the side ef upon the side a c, 
what must happen ? 

P. — The point /must fall upon the point c, 
because c/ = ac ; 
and dfmM&t coincide with b c, 
because ^ dfe z= j^acb ; 
and e d must coincide with a 6, 
because ^ def-rz z^bac; 

and, therefore, the point cf must fall upon the point 6, — 
and the triangle def must coincide with the triangle 
abcy and be equal to it. 

M, — Here, then, is a third instance of equality in 
triangles : what is it ? 

Pk— Two triangles are equal, when they have two 
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angles of the one equal to two angles of the other^ 
each to each^ and have likewise the sides adjacent to 
the equal angles equal to each other. 

M. — Repeat, now, all you have learnt from the in- 
vestigation of the triangles ahc and hdc. 




The pupils repeating, the master writes their state- 
ments on the slate. Thus : — 

\. hd •\- dc\% less than ha + a c. 

2, bd and dc are least, when the point d is taken in 
the mle c. 

S, bd and d c are equal to 6 a and a c, when the point 
d is taken in the vertex a* 

4. Hence, two triangles are equal when three sides 
of the one are equal to three sides of the other, each 
to each. 

5. Again : if two triangles have two sides of the 
one equal to two sides of the other, each to each, but 
the base of the one greater than the base of the 
other, the angle contained by the sides of that which 
has the greater base is greater than the angle contain- 
ed by the sides, equal to them, of the other. 

6. The angle bdc is greater than the angle bac, 

7. The angles dbc and deb are less than the angles 
ckb c and acb, 

8. When th^ angles dbc and deb are equal to the 
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angles ahc and achy each to each, the point d coin- 
cides with the vertex a. 

9. Hence, two triangles are equal when they have 
two angles of the one equal to two angles of the other, 
each to each, and have likewise the sides adjacent to 
the equal angles equal to each other. 

M, — And, if the angles hdc and c? 5 c be equal to the 
angles bac and ahc^ each to each, what must follow ? 

P. — The angle rf c 6 must be equal to the angle a c h; 
and the triangle hdc must coincide with the triangle 
ah c, and be equal to it. 

M. — Hence, if two triangles have two angles of the 
one equal to two angles of the other, 6ach to each, 
and have likewise one side equal to one side, how 
must these sides be situated in order that the triangles 
may be equal ? 

P. — They must either be adjacent to the equal 
angles, or they must be opposite to the equal angles. 

M. — This, then, is a fourth instance of equality in 
triangles : state it. 

P. — Two triangles are equal when they have two 
angles of the one equal to two angles of the other, 
each to each, and have likewise one side equal to one 
side, — namely, those opposite to the equal angles. 

This truth the master, now, writes on the slate, in 
addition to the others already there. The whole is, 
then, committed to memory by the pupils. 

A recapitulation of this paragraph is not given, — 
its result having just been written on the school- 
slate. 
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SECTION VI. 
QUADRILATERAL FIGURES. 

M, — We have, now, become acquainted with the 
most general truths respecting triangles. Write them 
on your slates, that I may see whether you remem- 
ber them all. 

This having been done satisfactorily, let the pupils 
be called-upon to demonstrate any one of the pro- 
blems : or rather, let each pupil, in turn, assign a 
problem, for solution, to the class. After this useful 
exercise, the master may proceed thus : 

M. — What, do you think, should be our next step, 
afler the investigation of trilatereU figures ? 

P. — To investigate quadrilateral figures. 

M. — State all you know of quadrilateral figures. 
(Lesson V. Introduction.) 

Let the pupils repeat what they remember respect- 
ing them. 

M. — Into what two groups may all quadrilateral 
figures he classed ? 

P. — Into parallelograms and trapeziums. 

M. — We shall begin with parallelograms, and, first, 
consider the manner in which a parallelogram is con- 
structed. Draw a parallelogram, and give a definition 

of it. A 

ft. ^ 



f2 
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P. — If a 5 is parallel to c dy 
and a c is parallel to b d^ — 
the figure ahdc\%9k parallelogram. 

ilf. — Hence, a parallelogram is 

P. — A four-sided figure whose opposite sides are 
parallel. ' 

M. — ^Well, one relation between the sides of paral- 
lelograms being known, you may be able to discover 
another: try. 

P. — The opposite sides must be equal. 

Mm — Demonstrate this. ^ k 




P^r^het abdche a, parallelogram, 
its opposite sides shall be equal ; 
namely, a bzz ed, and aczibd. 
Join cb: 

*.* a 6 is parallel to cd, 
.'. Z^abc-=. alternate Z^dcb ; 
and • . • a c is parallel to b dy 
.-. Z^aebz=. alternate ^ dbc : 
now, c 5 is common to the triangles acb and dbc; 
.'. A acbzz A dbcy 
ab=s cd, andaczz bd. 

JHf, — Why are the triangles acb and bdc equal 
to each other ? 

P. — Because they have two angles, and the side 
adjacent to them, of the one, eqttal to two angles, and 
the side adjacent to them, of the other, each to each. 
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ilf— And why, then, is a & = c d, and a c = 
bd? 

P— Because these are the sides which are opposite 
to the equal angles in the triangles. 

-^- — Then, conversely, if a four-sided figure has its 
opposite sides equal, what will you conclude as to the 
figure ? 

P. — That the figure is a parallelogram. ' 
M. — Demonstrate this. a. i 




P. — Let ahdc be a four-sided figure whose op- 
posite sides are equal: the figure is a parallelo- 
gram. 
Joined,* 

then, • .' ah zz c dj and aczz bd, 
and cb 18 common to the triangles acbybdcy 
.'. A acbz=. A bdc, 
and ^abc:=: ^dcd* 
But, these are alternate angles ; 
•*• a 6 is parallel toed, 
also Lacb'Tz L dbc. 
Again, these are alternate angles ; * 

•*• ac is parallel to bd: 
and, hence, the figure abdcisa parallelogram. 

M. — ^Why are the triangles a 6c and dbc equal to 
each other ? 

P. — Because they have three sides of the one 
equal to three sides of the other, each to each. 
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M. — And, why is the angle ahc equal to the angle 
dhcy and the angle ach equal to the angle dbc? ^ 

P, — Because these are opposite to the equal sides 
in the equal triangles. 

M, — Again, if, in the four- 
sided figure a b c dy you knew 
that a 5 is equal and parallel to 
the opposite side c dy what would 
you conclude the figure to be ? 

P, — A parallelogram. 

jif. — Demonstrate this. 





, P.— Let abdche a, four-sided figure of which the 

opposite sides ab, cd are equal and parallel : the 

figure shall be a parallelogram. 

Join cd: 

then *,' abis parallel to cd, 

•*• j^abc =, alternate j^dcb, 

and abzz cd: 

and cb is common to the triangles abc, deb — 

.•. A abc =z Adcby 

and ^acbzuAdbc. 

Now, these are alternate angles ; 

.'• a c is parallel to db, — 

and . * . the figure abdc is sl parallelogram. 

M. — Why is the triangle abc equal to the triangle 
dcbf 
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P. — Because these triangles have two sides of the 
one, a h and b Cy equal to two sides of the other, c d 
and b c, each to each, and have likewise the angles abc 
and dcby contained by them, equal to each other. 

M, — ^What else is known of the lines a c and b d, 
besides their parallelism ? 

P. — a c is equal to ^ d, 

M, — ^Wellj how have ac and b d been drawn ? 

P, — Joining the extremities a, c, and b, d, of the 
parallel and equal straight lines ab,cd. 

M. — Hence, the two straight lines which join the 

extremities of two equal and parallel straight lines 

Finish the sentence. 

P- — Are equal and paraUel. 

M. — That is not quite correct. Repeat what has 
been said, and see if it be true in eveiy case. 

P.— No: for, in ^1,^^^^ —J> 

the annexed figure, J^><C^^^ t 
^^^r """"••^ u> 

a dis not equal to c by 

and yet these two lines have been drawn so as to join 

the extremities of two equal and parallel straight lines. 

M, — Now, alter the preceding statement in con- 
formity with thisjinding. 

P. — ^The two straight lines which join the extre- 
mities of two equal and parallel straight lines in the 
same direction, or toward the same parts, are equal 
and parallel. 

M. — ^What, then, is the general truth respecting 
the sides of parallelograms ? 
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P.— The opposite sides of paraUelograms are equal. 
JIf.-ilnvestigate the angles * 

of a parallelogram. 




P. — L The sum of the interior angles is equal to 
four right angles. 
2. The opposite angles are equal. 
M, — ^Demonstrate these positions. 

*/ ^h 




P, — Let ahdche^^ parallelogram ; 
the sum of its interiar angles shall he equal to four 
right angles. 
Join be: 

then, ••• ^ s of A «* c = 2 rt. Z. 8, 
and, also, As of a deb = 2 rt, ^s; 
.'. ^s of the AS abc -^T dcbzz4Tt, ^B. 
But, ^s of AS abc + deb make up the Z,^ of the 
parallelogram abde; 

,\ the sum of the Z,^ of a parallelogram = 4 rt. ^s. 
Their opposite angles are, also, equal to each other : 
*.* it has heen demonstrated that 
A abczz, A deb, 
and /. a6c = Z-deby 
SLud Zacbiz zdbe; 
.•. the whole ^ a 6 c? = the whole Z. dca; 
also, Z.cabzzZ.edb: 

.*. the opposite angles of a parallelogram are equal to 
each other. 
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Let the pupilsy now, be caUed-upon to demoiutrate 
the last truth without the auxiUary line c & 

M4 — ^The line c h joining the yertices of the opposite 
angles is called a diagonoL What may be said of it ? 

P. — A diagonal divides a parallelogram into two 
equal parts. 



M. — ^Demonstrate this. c. J 




V abzzicdf andac= bd, 

and Z. cabzz: L edb; 

m\ A cab^ A cdbf 

and •% the diagonal c b divides the parallelogram into 

two equal parts. 

M. — How many diagonals may be drawn in a pa^ 
rallelogram? 

P.— Two. 

ilf.— >What may be said of them ? 

^^ ^l 

P^ — ^The diagonals of a pa- 
rallelogram bisect each other. 

For, •.•ab^cdf 

and Z. abe^z L dee^ 

and Lbaezz Lcde; 

.*. Aabtzz. A cdcy 

and be ^ce^ and aezz, de. 

Hence, the diagonals ad^cb bisect each other in the 

point e* 

f5 
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ilf. — Mention some figures which are parallelograms. 

P.-^The square, the rhomb, and the rectangle. 
. ilf. — Since these are examples of the paralleloy 
gram^ the truths you have demonstrated respecting 
parallelograms, in genercd^ must likewise apply to 
a square, to a rhomb, and to a rectangle. But, these 
being particular cases of the parallelogram, each of 
them will give rise to particular truths. Begin with 
the square : define a Square. 

P. — A square is a four-sided figiu'e of which the 
sides are equal, and the angles right-angles. 

M. — Now, what are the general truths common to 
all parallelograms? 

P, — 1. Their opposite sides and angles are equal. 

2. One diagonal bisects the parallelogram. 

3. The two diagonals bisect each other. 

ilf. — Now, find what particular truths apply to the 
Square. 

a. „6 

P. — 1. In a square, each diagonal 
bisects the opposite angles. 




Thus, '.' ah •=. a c, 

.•• Z. abc^iacb: 

But Z. abc=, alternate Z. deb : 

,\ Z. (icbz=, L deb, — 

and ,\ Z. a c d is bisected. 

In the same way, it may be shown that the angle 

abd is bisected : 

.-. the diagonal b c bisects the opposite angles. 
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Obs^ — There are several other modes by which this 
truth may be demonstrated. 

2. In a square two diagonals inter- 
sect each other at right angles ; they 
are equal to each other ; and the four 
segments are equal to each other. 
For, •,* abziz acy 

and aeis common to the triangles aebyuec^ 
and /_ caezz £ bae ; 
•*, A aebzn A aec^ 
and .\ /, a e b :=: /_ a c €y 
which, accordingly, are rt. /. s : 
hence, all the angles at e are rt. / s. 
Also, *.* a b and bds= ab and a c, 
and ^abd^z Z. hae ; 
•\ the base ad =: the base be: 
and, since a d and b c bisect each other, 

M. — ^What axiom do you use here ? 

P. — Because the whok lines a d and b c are equal 
to each other, their halves, ae, ed, eb, and e c, are, 
likewise, equal to each other. 

M. — Define a Rhomb. 

P. — A rhomb is a four-sided figure whose sides are 
equal, but whose angles are not right angles. 

M. — Now, .ascertain the particular truths which 
apply to a rhomb. 

P. — 1. Each diagonal bisects the opposite angles. 

2. The two diagonals bisect each other at riffht 
angles. ^ 
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3* The two diagonals are not equal to each other, 
nor are their four segments equal to each other* 

Note. — Of these three positions, the former two 
are demonstrated as the similar cases respecting the 
square; at the proof of the third the pupils will 
easily arrive, guided by the defimJdon of the rhomb. 

ilf. — In what way, then, must two straight lines 
intersect each other, so that the figure, formed by the 
four lines joining their extremities, jnay be, 

1. A square; 

2. A rhomb ? 

P. — 1. In order that the figure o, 
may be a sgtiare, the two straight 
lines must b^ equal, and must bi- 
sect eaph other at right angles. / / 
Let a ^ be equal to c &, 
and let them bisect each other at right angles in e; 
the figure acdb shall be a square. 
\* ae^bezzcey £?e, each to each, 
and ^aebzz Z^cedy 
.*. base abzz base c d, 
also *.* be ^z ce, 

and ae is common to as aebfOec, 
and /_ aebzz Z. «cc, 
,\ a b =: a Cy 

,\ abzzac:^cdzzdbf 
and .'. the figure acdb is equUatercU. 
Again, \* /_ aec is art /^y 
.*. Z. s eac + ecazi 1 rt. Z. • 
But :' eazzec; 
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and /. ^ e a c is J rt. ^. 

Inasimilar manner^ itmay be shown XhsX/^eab is ^ rt*^; 

.•. ^ ftac is a rt. ^. 

In the same way, it may be proved that ^s ac<^ 

cdby dba, are rt. ^s: « 

•*. the figure acdb is^ likewise, rectangular ^ 

and, having been proved to be equilateral^ 

•\ it is a square, 

2. Again, in order that the figure may be a rhomb, 
the two straight lines must iwt be equal to each other, 
yet they must bisect each other at right angles* 

(This the pupils will easily demonstrate.) 

ilf. — If, then, one of the angles of a parallelogramic 
figure is a right angle, what are the other angles, 
necessarily ? 

P. — ^Likewise, right angles. 

(This is easily demonstrated.) 

M, — Again, if a four-sided figure is equilateral, is 
it, necessarily^ equi-angular ? 

P. — No. (Instance — the square, and the rhomb.) 

M. — But, if a four-sided figure be equi-angular, is it, 
necessarily, equilateral ? 

jP. — No ; it is, however, rect- ^ 
angular. 



CL 
*.* the figure a bdc is equi-angular, 

.*. each of its angles is one-Jburth of their sum : 

but the sum of the angles is 4 right ^s ; 

•% each of the angles is a right angle. 
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M. — And what, therefore^ may be said of the 
sides? 

P. — The opposite sides are parallel : 
because j^cab H- Adba are two rt. ^s, 
.*. a c is parallel to bd; 
and, for a similar reason, a 6 is parallel to cd, 

M. — What, then, would you call a quadrilateral figure 
whose angles are equal to each other ? 

P. — A rectangular parallelogram [a rectangle] . 

M* — ^Is it always so ? 

P. — No ; it may be a square : but, then, it must be 
known that the sides are equaL 

M. — Now, find what particular truths apply to a 
rectangle. 

P, — The two diagonals of a rectangle are equal 
to each other, and its four segments are equal to 
each other. 

(Demonstration, analagous to that respecting the 
square and the rhomb.) 

M. — In what way, then, must two straight lines 
intersect each other, that the figure, formed by joining 
their extremities, may be, 

1. A rectangle ; 

2. A paraUelogram ? 

jP. — 1. That the figure may be a rectangle, the 
two straight lines must be eqwd and bisect each other, 
yet not at right angles. 

2. That it may be a parallelogram, the two straight 
lines must be unequal to each other, and must bisect 
each other, yet not at right angles. 
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(The demonstration is analagous to that respecting 
the square and rhomb.) 

M. — ^We have^ now^ completed the investigation of 
parallelograms. What is the other group of quadri- 
lateral figures which you mentioned ? 

P. — Trapeziums [or, trapezia]. 

M^ — Can any general truths be stated respecting 
trapeziums ? 

P. — No ; unless some relation of the sides or angles 
be known. 

i!f. — There is a particular case of a trapezium — 
A quadrilateral figure having three interior and one 
exterior angle. Endeavour to describe such a figure ; 
and, then, state what you can discover respecting it. 
a 

The figure ahedi^ such a trapezium ; and we have 
.proved before (Sect, 5.) that, 

1. ha •\- ac^bd •\- do ; 

2. j^hdc^hae ; and 

3. Z bdc = interior L^bac +abd-^acd. 




I. 

Well, produce cd to e ; 

.•. ext.^ bd c of ^deczz int. and opp, j^s b e c -^ a c d. 
But ext ^ bee oft^baczz int. and opp. ^.^ba e-f a bd; 
.-. ^ bdezz interior ^s bac -^ abd -{- acd. 
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SUBSTANCE OF SECTION VI. 

L A parallelogram is a quadrilateral figure whose 
opposite sides are eqtud. 

2. The opposite sides and angles of a paraHelogranai 
are equal to each other. 

3* A quadrilateral figure whose opposite sides are 
equal is a parallelogram. 

4» The two straight lines joining the extremities of 
two equal and parallel straight lines, toward the same 
parts, are themselves equal and parallel. 

5. In a parallelogram, a diagonal bisects the pa* 
rallelogram. 

6. In a parallelogram^ two diagonals bisect each 
other. 

7. In a square, a diagonal bisects the opposite 
angles. 

8. In a square, two diagonals are equal to each 
other ; they intersect each other at right angles ; and 
the four segments are equal to each other. 

9. In a rhomb, each diagonal bisects the opposite . 
angles. 

10. In a rhomb, the two diagonals bisect each other 
at right angles. 

11. If one of the angles of a parallelogram is a 
right angle, the other angles are, likewise, right angles. 

12. If a quadrilateral figure is e^ut-ai^gular, it is 
rec^ngular ; that is, the figure is a rectangle. 

13. The two diagonals, in a rectangle^ are equal to 
each other. 
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14* In a trapezium having an exterior angle> the 
exterior angle is equal to the three interior angles. 



SECTION VII. 

EQUALITY OF SQUARES, RECTANGLES, AND 
PARALLELOGRAMS. 

M, — What must we know of a square in order to 
ascertain the number of square feet or square 
inches which it contains, — in short, its area 9 

P. — One of the sides ; for, then, the other sides 
become known, as they are all equal to each other, 
and the angles are all right angles. 

M. — ^When are two squares equal to each other ? 

P, — ^When they have one side of the one equal to 
one side of the other — or, when their bases are equal. 





I£cd=:zgh, the square abdc shall be equal to the 
square efhg. 
Join cd a,nd fff: 
'.'abdc and efhg are squares, 
and cdi=zffh, 
.'.bd^fh; 
and /^bdc=z j^fhff, 
.'. A bdc= Afhff.- 
but Abdc is ^ of the square abdc. 



e 
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and A fhff is J of the square efhg; 
.\ square abdc =i square efhg. 

3L — If, then, two equal straight lines be drawn, 
and upon them squares be constructed, what may be 
said of these squares ? 

P, — They are equal to each other. 

M, — Draw a straight line Ur. 
on your. slates, bisect it, and 
on the parts describe squares ; 
likewise, describe a squar^e on 
the whole line ; then, compare 
these squares. 

^ — T^ 

P. — The square upon the whole line a 6 is four 
times as great as the square upon half the line. 

The square on half the line a 6 is one-fourth c^ 
the square on the whole line. 

The two squares on half the line are, together, 
one-half of the square upon the whole line. 

(The pupils should demonstrate what they have 
just-now stated.) 

M. — Divide a straight line into three equal parts ; 
describe squares on the whole line and on the parts, 
and compare them. 

P, — The square on the whole line is nine times 
as great as the square on one-third of the line. 

The square on one-third of the line is one-ninth 
part of the square on the whole line. 

The three squares on the parts of the line are, 
together, one-third of the square of the whole line. 



a 
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(Demonstration as in the preceding.) 

The comparisan of the sqtiare of the whok line 
with squares described upon ane-fauriki om-fifth^ &c. of 
the line^ is now continued, as far as the master thinks 
expedient. The pupils are, then, required to compare 
these results with what they have learnt of square 
numbers. (Lessons on Number, p. 130. 2d Ed.) 

M, — Again, if a straight line 
be divided into two unequal^ 
instead of into two equal, parts, 
and squares be constructed 
upon these two parts, and like- 
wise upon the whole line — -t A L 
what may be said of them ? 

jP.-— The square abkh upon the whole line a 6 is 
greater than the square acgf-\- cbed upon the 
parts a c and cb^hy the figure dek hfg. 

M, — You will be able to express the comparison 
better, if you produce eg to the side k h, 

P. — The square upon the whole line is greater than 
the squares upon its parts, by the two iQgures fglky 
dekL ' 

M. — And, of what kind are these figures ? 

P. — They are two rectangles. 

M. — ^When inay the area of a rectangle be known ? 

P. — ^When two of its adjacent sides are known ; 
for, then, all its sides become known ; and its angles 
are right angles. 

M4 — Hence, when are two rectangles equal to each 
other? 
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P. — When two adjacent sides of the one are equal 
to two adjacent sides of the other, each to each. 

ilf. — Nowy find whether these two rectangles are 
equal to each other. 

P. — They are equal to each other : 
•r abzzah, andac=: afy 
.•. remainder c6 =: remainder /A. 
But cbz^de ; 
•*>fh zz de: 
also *r bkzz hky , 
and be'=.dezz.kU 
• * • remainder A / = remainder e k^ 
.*• adjacent sides fh, hlzz adjacent sides de^ek; 
and . * • the rectangles are equal to each other. 

M. — Since two adjacent sides of a rectangle are 
sufficient toward ascertaining its 



a 



area^ it is usual, when speaking of 
a rectangle, BAabdCyio say, '' the 
rectangle contained hy ab^a c/' 
or, simply, " the rectangle ab^a c" 

Now, obserye by what lines the preceding two 
rectangles are contained* 

P.— One of them by/^,/A, and the other by c *, e d. 

ilf. — Compare these with a c, c b, 

P.-^g,fhz=, acycb, 
•.♦/^ zz ac, and/hzizcbf 
also ek^edzzacycby 
'r ekzzacy apd edzz cb. 

ilf.— Hence the square of a 6 is greater than the 
squares of a c and cbby — f 
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P- — by twice the rectangle contained by a c, c b» 

ilf.-^And, the square of 06 is equal to — ? 

P, — the squares of a c and c b, together with twice 
the rectangle contained by ac and c b, 

ilfv — ^Express this truth as a general proposition. 

P. — If a straight line be divided into any two 
parts, the square of the whole line is equal to the 
squares of the two parts, together with twice the 
rectangle contained by the parts. 

The master wiil^ here^ have a suitable opportunity 
of directing the attention of his pupils to a numerical 
truth analagous to the preceding — namely, that if a 
number be divided into any two parts; the square of 
the whole number is equal to the squares of the 
parts, together with twice the product of the parts ; 
and, that, in general, the product of two numbers 
corresponds to a rectangle constructed by two straight 
lines. 

M. — The same truth may be ^ 
demonstrated by means of the 
following construction — }i 

(writing upon the slate — ) 
Upon a b describe the square abed/ 
join d b : 

from c draw cfg parallel to be or a dy 
and, through^ draw k h parallel Xxiab ot de. 

The pupUs may either be left to demonstrate the 
proposition unaided, or the master may direct their 
attention to the following notes, which, for that pur- 
pose, he should write on the slate. 
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Show thaty 

1. The figure cbkf Is a. square ; 

2. The figure hfg diB a square, and equal to a square 
upon ae; 

3. Rectangle a cfh = rectangle /A e g: 

4. Thence, draw the necessary consequences. 

The demonstration found by the pupils, with a slight 
exception as to the complements af^fey is that in Eu- 
clid's EL B. II. P. 4 ; which see. a, ^ -^\ 

M. — Since, then, the rectangle 
a cfh is equal to the rectangle j 
fkegy what will be the result, if 
. the square cbkf be added to 
each of them ? cfc 

P. — The rectangle abkk =r the rectangle cbeg. 

M, — ^And the sum of these two rectangles is, there- 
fore, equal to what ? 

P. — To twice either of them. 

M, — Now, what are the lines that contain the 
rectangle abkh? 

P. — The lines a b and cb ; because bk = cb. 

iff. — Therefore, twice the rectangle contained by 
a b and cb is equal to what ? 

jP. — To twice the square upon cb, together with 
twice the rectangle contained by ac and cb, 

iff. — And what will be the result, if, to each of the 
rectangles a cfh andfk c^, the square hfg dy — that is, 
the square upon a c, — be added ? 

P. — The rectangle acgd^=^ the rectangle hked. 

M, — And, therefore, the sum of these rectangles is 
equal to — ? 
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jP.*— To twice either of them, 

^- — What are the lines that contain the rectangle 
acgdf 

P* — The lines a b and ac ; because ad =z ab. 

-Sf. — Therefore, twice the rectangle contained by 
a b and a e is equal to what ? 

P* — To twice the square upon ac^ together with 
twice the rectangle contained hy ab and a c. 

M. — Express this truth in words. 

P. — If a straight line be divided into any two parts, 
twice the rectangle contained by the whole line and 
one of the parts is equal to twice the square upon 
that part, together with twice the rectangle contained 
by the parts. 

^. — Two other interesting truths may be dis- 
covered from the preceding construction of the figure ; 
and we shall, therefore, examine it more minutely. 
A • B 

l6 a c ^l 



a 



e 
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For that purpose, I have constructed two figures, A 
and B— the former a square, the latter a parallelo- 
gram. 

You have already shown, that the rectangles a efh^ 
fhegy in figure A, are equal to each other; now 
ascertain whether the same thing be true of the cor- 
responding parallelograms in figure B. 
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P.«-.Ye8 : they are equal to each other. 
'.' A abd ss: ^bde^ 
and A cfb = a/^ b, — 
and A hdf=^ a dgf; 

.*. remaining parallelogram a cfh = remaining paral- 
lelogram/A c^. 

M. — Now, tell me hon^ the parallelograms cbkf 
and hfgd are situated with respect to the whole 
parallelogram abed. 

P. — They are about the diagonal b d, 

M. — And, to what are these, together with the two 
equal parallelograms a cfh^fkeg, equal ? 

P. — They are together equal to the whole paral- 
lelogram abed, 

M. — The two rectangles in figure A, or the two 
corresponding parallelograms in figure B, therefore, if 
added to the parallelograms which are about the 
diagonal of these figures, make-up or complete them, 
and are, on that account, called Complements, What 
may be said of them ? 

P, — The complements of the parallelograms which 
are about the diagonal of any parallelogram are equal 
to each other. 

M» — And, what are the parallelograms which are 
about the diagonal of a square, in figure A ? 

P. — The parallelograms which are about the diago- 
nal of a square are, likewise,- squares. 

M* — ^When is a parallelogram known ? 

P.— When two of its adjacent sides and the angle 
contained by them are known ; for, then, the other two 
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sides are known and the remaining angles are known, 
because the opposite sides are parallel. 

M, — Hence, when are two parallelograms equal to 
each other ? 

P. — When they have two adjacent sides, and the 
angle contained by them, of the one, equal to two 
adjacent sides^ and the angle contained by them, of 
the other, each to each. 



(^ :,& \ 7f 





For, \Sacy cds^eg, gh, each to each, 

and A acdssz /_ egky 

•*• A a.cd^=. ^egh. 

But, A accf is I of the parallelogram abdcy 

and A e ^ A is i of the parallelogram efh g ; 

.*. these parallelograms are equal to each other. 

M. — But if, of two parallelograms, it is known that 
the bases are equal to each other — are, then, the />/i- 
rcdlelograms equal ? a ^ 

al /i eZ /f 

p. — No; for if a h^efy 
it is not necessary that the parallelogram ahdc should 
be equal to the parallelogram efhg, 

M. — And, what happens, then, when the parallel- 
ogram efhg is applied to the parallelogram abdc, 
so that the point e is upon the point a, and the base 
6/upon the base abf g 
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P, — The point/ must &11 upon the point h ; because 
ef^ah. a h . 




j!f.— And, when will these parallelograms become 
equal ? 

jP.— When ^ A is in the same straight line with e d; 
that is, when the parallelograms are between the same 
paraUek. 

M. — Describe two parallelograms in such a manner 
that they shall have a common base and be between 
the same parallels ; and, then, determine whether they 
are equal. e d e__jf 




T 
P* — ^Let the parallelograms ahdcy ahft^ be upon 

the same base a b, and between the same parallels a b, 

efi they shall be equal to each other. 

%• cd^ab, and ab^s^ef^ 

,-. cd^efy 

and .*• c 6 ^ df; 

but, ac=^db, 

and /_ bdf=i interior opposite Z. aee; 

/. A bdf=i A ace: 

from the trapezium ab/c take the ti^angle bdf 

Of ace; 

•*. parallelogram abde^s, parallelogram a bfe. 
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M. — Hence, parallelograms are equal whe P ' 

P. — They are upon the same base, and between the 
same parallels. 

Jl^What is to be observed with respect to the du* 
iance of parallel lines ? 

i\ — ^ParaUel lines are <^distant. 

J£ — And, in what way is their distance determined ? 

P, — By drawing a perpendicular. 

M. — ^Hence, parallelograms which are between the 
same parallels have, likewise-— what ? 

P. — The same perpendicular height ; they have the 
same(Miude» 

M. — And, since parallelograms upon the same base 
and between the same parallels are equal to each 
other, what may be inferred of equal parallelognUns 
which are upon the same base ? 

P. — Equal parallelograms upon the same base must 
be between, the same parallels ; or, they must have the 
same altitude. 

M, — ^Instead of being upon the tame base, the 
parallelograms may be 

P4 — ^Upon equal bases and between the 
parallels. 

r d S h 




h ^ 

Let the base ahiz the base ef^ 
and c A be parallel to af, 



g2 
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the parallelogram abdc:=. parallelogram efhg. 

Join ag^bh; 

then \' ghzr ef^ and c/z: aby 

,\ab:zzgh. 

Also, a 6 is parallel to gh; 

.*. a ^ is parallel and equal to b h, 

and •'. ab kg 18 s. parallelogram ; 

and, it is equal to the parallelogram abdc, 

V they are upon the same base a by and 

between the same parallels abych: 

and, for similar reasons, 

the parallelogram abhg'zi parallelogram efhg; 

.'. parallelogram abdezz parallelogram efhg» 

ilf«— It is usual to denote a parallelogram by two 
letters placed at the vertices of two opposite angles. 

Thus, ^y /f the parallelogram abde is 



usually 



oi: 



denoted thus, — d c6 or o ad. 



What relation has a triangle to a parallelogram 
which is upon the same base and between the same 
parallels ? 

P. — If a triangle and a parallelogram are upon the 
same base and between the same parallels, the triangle 
is one half of the parallelogram, or the parallelogram 
is dofMe the triangle. 
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Let a ad and Acdehe upon the same base cdy 
and between the same parallels afycd; 
a ad shall be double of A cde. 
Draw df parallel to ce; hence, cf is a parallelo- 
gram: 

and .*. Z2 ad=s, □ cfy — 
but □ c/is double of A cde ^ 
.*• C2 ad is double of a cde. 

M, — Is it necessary that they should be upon the 
.som^base? 

P. — No ; the same thing is true of them if they be 
upon equal bases between the same parallels. 

M. — From this and some of the preceding truths, 
I think, you will be able to discover vl fifth instance of 
equality with respect to triangles, 

jP. — Yes; two triangles are equal when they are 
upon the same base and between the same parallels. 

S a d 




Let AS a be, bed, be upon the same base, be, and 
between the same parallels,/*^, be; 
A abe shall be equal to a bed. 
Draw ee And i/ parallel to bdaxkdac; 
.'. Z2fe:=. tn be; 
but u/c is double of a a be, 
and m beis double of a bed: 
.*. A a^c = A bed. 
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M. — In what does this fifth instance differ from the 
four previous instances of equality in triangles ? 

P. — ^In the previous instances, the sides and angles 
of the one triangle are equal to the sides and angles of 
the other triangle, each to each — whereas, in thin case, 
the areas of the triangles are equal, yet not their 
respective sides or angles. 

M. Well — in the previous instances, the triangles 
are said to be ideniiccU. 

I think you will, now, be able to discover yet an- 
other instance of triangular equality. 

P. — Yes; triangles are equal to each other when they 
are upon equal bases and between the same parallels. 




Let 6c = e/and a A be parallel to bf; 

Aabc shall = a cf ef: 

draw eg and fh parallel to ab and ed; 

.•. □ 6 ^ = □ c A ; 

but ubgh double of a a 6 c, 

and Z2 ehis double of a def; 

.*• A a6c= A def, 

M. — Are these triangles identical ? 

P. — They are identical only if 

ab sszde and ^abc =: ^def. 
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When this is not true, the areas of the triangles are 
equal, but the parts of the triangles are not identical. 

M. — ^You have observed the circumstances under 
which a parallelogram is double of a triangle. Try, 
now, to find when a parallelogram is eqwd to a tri- 
angle. 

P. — A parallelogram is ^qual to a triangle when 
both are between the same parallels, and the base of 
the triangle is double that of the parallelogram. 




If a ^ is parallel to cfy 

and e/is double cd^ 

a ad shall be equal to a efg; 

bisect efin h and join gh : 

.-. Aehgzz A h/g, 

because they are upon equal bases and between the 

same parallels ; 

and .*. A efg is double of a ehg^ or a h/g: 

but, a ad 18 double of a ehg^ or a hfg : 

/. uad=, A efg. 

M. — Again, when is a parallelogram double of an- 
other parallelogram ? 

P. — When they are between the same parallels, 
and the base of the one is double the base of the 
other. (Demonstration similar to that of the preced- 
ing position.) 
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M* — ^Draw an isosceles right-angled triangle, and 
upon its sides describe squares ; then, compare these 
squares. 



Th ay \e 

t 1 ^" 

s d 



P. — 1. The square upon a i =s sq^uare upon he; 
because ab^bc 

2. The square upon ac = square upon a5 + the 
square upon be ; 

or, the square upon a^c is double tl^e square upon 
a b or be. 
Join ae and dc; 
then ',• a dec is a. square, 
a • = iCy and ^ a ic is a rt. ^ ; 
and .-, ^ CO t = ^ a c I =z J rt. ^ ; 
but ^bac zz ^beazz ^rt. ^; 
.*. A abczz A ate, 

because a c is common to them, and adjacent to equal 
angles ; 

and .*. aicb is a square, 
and the square a dee =: the 4 as a 6c. 
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But,8quareA6 = squareatcft =: 2 Asabe^ 

and square bg= square aicb:^2 Aabc; 

.-. squares hb -^ bgzz4 Asabc; 

and •*• square adeczz squares kb -^ b g — 

that is, the square upon aczz twice the square upon 

ab or be. 

M, — Hence, what must be done in order to make 
a square equal to twke another square ? 

P. — ^Draw a right-angled isosceles triaiigle/ whose 
equal sides are, each of them, equal to the side of the 
square. The square upon the side opposite the right 
angle is equal to the two squares upon the other 
sides of the triangle; and it is, therefore, equal to 
twice the other square. 

JVf. — Draw any right-angled triangle, and construct 
squares upon its sides : then, compare these squares. 
( d TO 



h 


a 




/> \ 


k 


h 




\ 




c 







f S 





p. — The square upon a c is equal to the squares 
upon a b and b c together. 

Produce b a and b c, and, through d and e, draw / m 
and m 92 parallel to bn and .6/, respectively ; 

o5 
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also, produce h a and gc till they meet mp^ 
and produce hk and ^/ till they meet in o, 
and join kf. 

•*. In and hg. ) i, , 

^' J are parallelograms ; 

pb and 60, ) 
and, V Z_ aid h Art. A f 
A Zs /ac? -h Idarss^ rt. Z, 
and, .-. Z_8lad -^ Ida = z ^oc. 
But, Z. Ida sc alternate Lpad; 
/. remaining Z. lad=s Z. poc, 
and rt. /_ aid =srt, A. apcy 
asidad^siac; 
/• £^ ald=i A aj9c, 
and a I = ap ^^ b c ; 
bIso Idsspc ^^ab. 

And, in the same way, it may be i^hown, 
that Aaftc=Acwc, 
and ai = c» = /ef; 
also, bc^=en=saL 
But, •/ lb ^=mn, and / w = 6 », 
and ld^=cn, and al^s^en ; 
,% bc=^md, and a 6 = m «, — 
and /. A oftc = a cfm^, — 
and /. lm=:^lb^bn=±nm; 
and Z. /^wisart. Z.; 
/. fig. /n is a square. 
Again, v/> c = a 6 = A a, 
andc^ = ic = a/?, 
.'.pg^ph^ho-=^og; 
and Z. p^^ is art. Z. ; 
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•*. fig A^ is a square. 

But, hks&aby and ap^^a l; 

.". hf:^blf 

•*. square hgss square In: 
also, •.• kbybfssabfbc, each to each, 
and rt. Z. k bf=s rU Z. ab c, 
.•.A kbfss: ^ abc. 

But, A kbf.^kofy and Actftcss: a ape; 
.-. Asaic + cwc-hewef-f dla^s, 
= AS a6c + ape + kbf+ kof. 
From the square /«, take the triangles a ft c, one, 
emdy and d la; 

and from the square kg^ take tlie triangles abcyapc, 
kbf, and ko^: 

.•• remaining square rfc=s remaining square ^A b + sq. bff. 
The several parts of the preceding demonstration 
may be thus separated : show that 

1. The triangles ab c, aldycn e, and emd, are equal 
to each other. 

2. That, therefore, /« is a square. 

3. That A^ is a square. 

4. That A^ is equal to In, 

5. That the triangles * ft ^, abcykofy and ape, are 
equal to each other, and to the triangles a be, aid, 
dmcy and cne. 

6. And, therefore, that the square dc is equal to the 
square A ft + sq. ft ^. 

J!f.— -Express fully, in words, the truth you have 
demonstrated. 

P.— In a right-angled triangle, the square described 
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upon the side opposite to the right angle, is equal to 
the sum of the squares described upon the sides con- 
taining the right angle* 

M. — If required to construct a square which shall 
be equal to two given squares, in what manner would 
you proceed ? 

P.— Draw two straight lines at right angles to each 
other, and equal to the bases of the given triangles 
respectively; the square upon the straight line joining 
their extremities shall, then, be equal to the two 
given squares. 

M. — ^In an obtuse-angled triangle, squares being de- 
scribed upon the sides^ it is required to compare the 
square described upon the side subteading the ob- 
tuse angle with the squares on the sides Containing 
that angle. 

The pupils should be left to find-out, unaided, the 
excess of this square above the sum of the other 
squares. 

Should, however^ the master have occasion to assist 
them, he may proceed thus : 



% 




c 

M4 — If A a c5 is obtuse-angled, at c, what must be 
done in order to make it a right-angled triangle? 

jP. — Produce h c, and, from a, draw a d zt right 
angles to hd. 
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M. — Now, find whether the squares of bd and a d 
are greater or less than the squares of he and a e. 

P. — The square of 6 cf is greater than the square of 
b Cyby the square of c^fand twice the rectangle con- 
tained hy hcy cd ; 

and the square ofa^ is less than the square of ac, by 
the square of cd: 

therefore, the squares of b d and a d are, together, 
greater than the squares of be and a c, by twice the 
rectangle contained hy bcycd. 

M, — And, to what square are the squares ofhd and 
a d, together, equal ? 

P. — To the square of aft. 

ilf* — ^Draw, thence, the necessary inference. 

p. — The square of 06 is, therefore, greater than the 
squares of b c and a c by twice the rectangle con- 
tained by bCf c d. 

Exhibit this demonstration on your slates ; and, in- 
stead of writing " the square of a b" write a ¥, 

P. bd^^bc^yby cd^ and twice the rectangle ft.c, 

Cdy 

and ad^ ^ac^yby cdt^ (because ac^ zzac^ + cd^); 

,\ b d^ '\' ad^ ^ b c^ -{- a c\ by twice the rectangle ft c, 

cd: 

butftrf* '\'ad^-=:ab^; 

.'. ab^^bc^ •{- ac%by twice the rectangle b c, cd. 

M. — Instead of producing ft Cy what else ^ ^ 

might have been done in order to make 
the obtuse«angled triangle^ abcy a, right- 
angled triangle ? 
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P. — Tlie side ac might have heen produced, and 
from b a perpendicular been drawn to it. 

Jf. — Try whether, in this case, the demonstration 
would be the same. 

[The pupils will find it would.] 

Jf. — Express, in words, the truth you have demon- 
strated. 

P. — In obtuse-angled triangles, if a perpendicular 
be drawn from either of the acute angles to the opp6* 
site side produced, the square of the side subtending 
the obtuse angle is greater than the squares of the 
sides containing the obtuse angle, by twice the rect- 
angle contained by the side upon which, when pro- 
duced, the perpendicular falls, and, the straight line 
intercepted, without the triangle, between the perpen- 
dicular and the obtuse angle. 

Obs, — While it is, of course, not to be expected, 
that the pupils can express the result of a demonstra- 
tion in terms so accurate and precise as the preceding — 
yet, the teacher is earnestly counselled to require 
them, in every case, to state, in their oum words, the 
truths which they have discovered, — altering and 
amending their expressions till they assume the form 
of a strict and regular proposition: for, they will, 
thus, be led to perceive clearly the necessary con- 
ditions and exact limits of the results of their in- 
vestigations, and to acquire a readiness in embodying 
them in correct and suitable phraseology. Perhaps, 
indeed, of all the various exercises arising out of 
geometrical study, few tend more than this toward 
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the general improvement of Me mental facuUieSy — 
which, be it recollected^ is a principal object of 
this Treatise. 

M* — ^Draw any acute-angled triangle, and compare 
the square described upon any one of its sides with the 
sum of the squares described upon the other two sides. 

If the master should find it necessary to assist 
his pupils, he may proceed thus : 




w3f.— -Let abdheei triangle right-angled at d; what 
must be done in order to make it an acute-angled tri- 
angle ? 

P, — Produce bdto any point, c,— and draw a c. 

-3f.— Now, compare bc^ with bd\ 

P. be" IB greater than bd^ btfde' md tw;ce the 
rectangle £ 6?, ^c. 

M. — Also, compare a c* willi ad\ 

P. o c« is greater than ad* by d(?. 

-af.— Hence, dc*-h «cj« are greater than bd*-^ ad% 
by what — ? 

P.— By twice dtfi and twiee the rfectangle bd^ dc. 

ilf.— But, to what square are bd*-^ ad^ equal ? 
, P.— Toa^. 

M. — Therefore, bc^-^a^ are greater Finish the 

sentence. 
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P.-^Than a h\ by twice dt^ and twice the rectangle 
bdy dc, 

M. — And, what figures are formed by the two 
squares of dc and twice the rectangle hd^dc? (p 

237, No. 3.) 

P. — Two rectangles, which are equal to twice the 
rectangle contained by 6 c and c d. 

m, — And, therefore, 6 c^-f ac' are greater than a¥ 

P^ — By twice the rectangle be, cd. 
i!f.— Or a ^' is— ? 

P. ab^ is less than bd^-^ ac^ by twice the rect- 
angle bcy cd. 




ilf.^If, then, in the acute-angled triangle, abcy it 
should be required to compare a 6^ with 6 c* -f a c^, how 
would you proceed ? 

P. — From a, we would draw a straight line at right 
angles to be; or^ from 5, would draw a line at right 
angles to a c. 

J!f. — And, if a c' is to be compared with aft^-h ac* ; 
or ^c« with a6*+6c' — ? 

Note* — It is advisable that the pupils should actually 
draw the perpendiculars, and write upon their slates 
the relations which the squares bear to one another, 
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and fully demonstrate each case. Thus, they will find 
that 

a 




1. ab^^^bc^-^ ac'by 2 bc^cdy or by 2 ac, cf, 

2. a(^<C:ab^+ be" by 2 be, bd, or by 2 ab, be. 

3. ^c?^< ab^-^ a c* by 2 fl c,^ afi or by 2 a A, ae- 
Obs, — ^If ^ a c 6 be an obtuse angle> 

the perpendicular a d will &11 tnthout a abe; 
and, then, ac*<a62 + ^cr' by 2 be, b d, — as previ- 
ously. 

M. — Now, express, in words, the truth you have de- 
monstrated. 

P. — In acute-angled triangles, the square of the side 
subtending any of the acute angles is less than the 
squares of the sides containing the same angle, by 
twice the rectangle contained by either of these sides 
and the straight line intercepted between the perpen- 
dicular, drawn to it from the opposite angle, and the 
acute angle. 

SUBSTANCE OF SECTION VII. 

1. Squares are equal to each other when their 
bases are equal. 

2. If a straight line be divided into any two parts, 
the square of the whole line is equal to the squares 
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of the two parts, together with twice the rectangle 
contained by the parts. 

3. If a straight line be divided into any two parts, 
twice the rectangle contained by the whole line and 
one of the parts is equal to double the square of that 
part, together with twice the rectangle contained by 
the parts* 

4. The complements of the parallelograms, which 
are about the diagonal of any parallelogram, are equal 
to each other. 

5. The parallelograms which are about the diagonal 
of a square are, likewise, squares. 

6. Parallelograms and triangles which are upon the 
mme base and between the same parallels are equal 
to each other. 

7. Parallelograms and triangles which are upon 
equal bases and between the same parallels are equal 
to each other. 

8. If a parallelogram and a triangle are upon the 
same base, or upon equal bases, and between the same 
parallels, the parallelogram is double the triangle. 

9. In a right-angled triangle, the square of the side 
subtending the right angle i» egued to the sum of the 
squares of the sides containing the right angle. 

10. In obtuse-angled triangles, if a perpendicular be 
drawn from either of the acute angles to the opposite 
side produced, the square of the side subtending the 
obtuse angle is greater than the squares of the sides 
containing the obtuse angle, by twice the rectangle 
contained by the side upon which, when produced, 
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the perpendicular falls and the straight line intercepted, 
without the triangle^ between the perpendicular and 
the obtuse angle. 

11. In acute^ngled triangles, thq square of the 
side subtending any of the acute angles is less than 
the squares of the sides containing the same angle, by 
twice the rectangle contained by either of these sides 
and the straight line intercepted between the perpen- 
dicular, drawn to it from^the opposite angle, and the 
acute angle. 

^ SECTION VIII. 

PROPORTIONAL TRIANGLES. 

M, — Describe any triangle, and, from one of its 
angles, draw a straight line to the opposite side : what 
figures are thus obtained ? 

P. — Two triangles, abd, and adc. 

M> — ^When are these two triangles equal to each 
other ? 

P, — When the straight line, ad, bisects the base, 
be; because, then, the triangles have equal bases, bd 
and dCf and they are between the same parallels. 

M. — And, what part of the whole triangle abc is 
each of the triangles abdyudcf 

P. — One-half oi the triangle abc. 
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3f.— And, what part b the base bd of the whole 
base bcf 

P. — Also, one-half. 

M. — How must ad'be drawQ, so that the triangle 
abd may be one-third of the whole triangle abcf 

a 




d f 

P.— The base b e must be divided into three equal 
parts, bdydcy and ec, and, then, a d must be drawn. 

ilf.— Demonstrate that the triangle abd\% one-tkM 
of the triangle a be. 

P. — Join ae ; 
then V 6 rf s= <f e = ec, 
^abd^s^ Aade =i A aec; 
and .; A abd 18 one third of A a 6 c. 

3f. — Hence, when two triangles are between the 
same parallels, but the base of the one is one-half of 
the base of the other, what may be said of these 
triangles ? 

P, — The one is one-half of the other. 

M, — And, when the base of the one is one-third of 
the base of the other — ? 

P. — The one is then one-third of the other triangle. 

J[f.— Under what circumstances must a<^ be drawn, . 
so that the triangle abd may be one-fourth, one- 
fifth, one-sixth, &c. of the whole triangle abcf 

P. — The base b c must be divided into four, five, 
six, &c. equal* parts, of which bd shall be one. 
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M. — Andy how voxAX.ad be drawn so that the tri- 
angle ahd may be two-thirds of the whole triangle 
ahc9 

P. — The base hd must be made two-thirds ofbc; 
and this is done by dividing b c into three equal parts, 




\A 



htt de, and dc. Draw ad ; 
Aabdis two-thirds of a a ^ c. 

M, — How must ad be drawn SQ that the triangle 
abd may be three-fourths, four-fifths, five-sixths, two- 
sevenths, &c. of die whole triangle abcf 

P. — The base bd must be made the same part, 
three-fourths, four-fifths, &c. of the base b c, 

M. — How must the base be be divided, in order 
that one of the resulting triangles may be one-half of 
the other ? 




h 

P.— Divide be into three equal parts, bd, de, ec, 
and join ad ; 
A abd is i df A adc^ 

-^•— 'We may, then, say that the triangle abd is 
to the triangle a dc as — what two lines f 

P. — A^sb diode. 

M. — Or, as what two numbers ? 

JP.— As 1 to i. 



' 142. LESSONS ON FORM, BEING 

M, — Now, draw a<f so, that the triangles maybe to 
each other as 1 to d ; then, as 1 to ^9 i to 5, &c« — 2 to 
3, 3 to 4, 4 to 5, &c. 

The pupils having done so, and having demonshvl- 
ed each case, the master may ask, 

M, — Hence, how are triangles related to each other, 
when they are between the same parallels ? 

P. — Triangles between the same parallels are to 
one another as their bates. 

M, — Draw any triangle, bisect one oi its sides, and 
from the point of bisection draw a straight lin^ paral- 
lel to either of the other two sides. Then, find 
whether that side be likewise bisected. 




P.—Let ad^dhy and de be parallel iohc; 
then shall ae^ee. 
DrsTw 6/ parallel to a 6, 
.*. df/is a parallelogram, 
sndef^ibd^ad; 

also, ^ efe = iijt. opp. ^ dbfsa ^ dde^ 
and, /ieef^ /^dea; 
.-. A ade^ A efc, 
and, /. a « s « c, 
that is, a c w likeuriae bueeted. 

M. — ^Well, what part of the whole triangle abe\& 
the triangle ade^ thus cut-off by the parallel line def 
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P. — One-fourth of the triangle ahc: 
for, the parallelogram d/is double the a a</e, 
and A e/c == ^ade; 
.% whole Aa5c = 4x Aade^ 
that is, A a (f e is -^ of A a 6 c. 

3f. — Now, draw d e^ from the third part of 6 a, paral- 
lel to be; and find what part a«, then, is of the whole a c. 

a 

P.— Let ad=: df=fb ; 
draw de axkdfff parallel to b c, 
and ekh parallel to a 6 ; 

,\ ae =s e ffy — ^because ad^^dfy and de\% parallel to/^; 
also^ ek-sik A, — ^because df^s^fb^ and cf A is a parallel- 
og^ram ; 

and .\eg^gc. 
Hence, ae^=^eg^^gc ; 
that is, a 6 is, likewise, one^third of a c. 

M, — And, what part of the whole triangle is the 
triangle a de^ thus cut-off? 

Pn — One-ninth part 
V A o/^= AeAc, 
and A afg =: 4 x A ade^ 
.\ A efc ^4 X A ade: 
also^ parallelogram df^= 4 x A ade; 
/• trapezium db ce^S x A ade, 
and .*.Aa6css9x Aade; 
that is, A ad e IB one-ninth part of a a 6 c. 
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The master should, now, desire his pupils to draw a 
parallel from one-fimrthy one-fifth^ one-sixih, Sfc, part 
of a b, and then to find whether, 1, the side a c is 
divided by this parallel in a similar manner; and 
2, what portion of the whole triangle is the triangle 
thus cut-offv 

The pupils should find that, 

1. The side a c is^ in every case, divided similarly 
to the side a h. 

2. That, i£ ad \& one-half, or one-third, or one- 
fourth, or one-fifth, &c. of a b, 

A a dels ane-faurthf or ane-mnth, or one-sixteenthj or 
one-twenty-^fthj &c. of a a be* 

M. — Hence, we shall be able to ascertain several 
very important truths. 




For this purpose we shall draw, from any point cf, in 
the side a 6 of the triangle a 6 c, a straight line de 
parallel to the side b c, — and then inquire, 

1. In what manner the side a c is divided. 

P. — As a 6 is divided ; 
that is, what part soever a €f is of a 6, 
the same part is a 6 of a c ; 
and, what part soever bd\&oiaby 
the same part is e c of a c. 

JIf. — When such a relation exists between four 
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numbers, what may be said of them ? (Lessons on 
Number, p. 218, 2nd. Ed,) 

P. — They Kxe proportional to each other. 

M, — Now, since a similar relation exists between 
the four lines ad, ab, and ae^ac, what may, like- 
wise, be said of them ? 

P. — These lines are, likewise, proportional to each 
other. 

M. — You know the usual way of designating quan- 
tities as proportional to each other ; now, express the 
relation which these lines bear to each other, in the 
same way. 

P. ad lab :: ae: ac, 

M. — And, since a similar relation exists between the 
lines d by a by and eCyOCy you would express this — ? 

P. db : ab :: ec : ac, 

M. — Now, compare these two proportions with each 
other, and ascertain what inference may be thence 
drawn. 

P. — Since ad\ab\\ae\aCy 

and db \ ab \\ e c \ a Cy 

/. ad\db \\ ae\ ec, 

M, — What axiom have you us^ in drawing this 
inference ? 

P. — That, two lines which have the same proportion 
to two other lines that other two lines have, are 
proportional to each other. 

ilf. — And, what may be said generally, if from any 
point in the side of a triangle a straight line be drawn 
parallel to either of the other sides ? 
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P. — It will divide these s\6gs propcirtumaUy* 




M. — Secondly^ we shall compare the triangles ahc 
and ade. What have you to observe of them ? 

P. — The angles of a a 5 c are equal to the angles 
of the triangle ade^ each to each : that is, 
21 6 a c is common to each of them ; 
and ^a6c= /_adey and /^ach zz ^aed. 

M. — Triangles which are such, that the angles of the 
one are equal to the angles of the other, each to each, 
are said to be similar triangles. Hence, a line drawn 
parallel to one of the sides of a triangle cuts-off ? 

P. — A triangle which is similar to the whole tri- 
angle. 

a/ 




/ 

M* — If, then, e/he drawn parallel to a by what must 
the triangle e cf be, when compared with the whole 
triangle abcf 

P. — Likewise, similar to it ; and, therefore, also, si- 
milar to the triangle ade. 
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M. — Thirdly, compare the sides of the similar tri- 
angles abc and ade. 



a 




f 

P. ••• de i» parallel to b c, 
*. ad \ ah W ae \ ac ; 
and V rf/is parallel to ac, 
/. ad :ab \\ cf\ be. 
But cf^de; 
.\ad :ab\\ de :hc. 
Again, adl ab \\ ae : ac ; 
.\ae : ac 11 de l be, 

M. — Express this relation of the sides 6f similar 
triangles, in words. 

P, — In similar triangles, the sides which are opposite 
to equal angles are proportional to each other. 

M, — ^In similar triangles, the sides which are oppo- 
site to equal angles are called the homologous sides. 
What are the homologous sides in these triangles ? 

[The pupils name them.] 

M. — Fourtldyy compare the areas of the triangles 
ade and abc* a, 



h2 
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P..^If we knew what part ad is of ab, we could 
tell what part the triangle ade is of the whole tri- 
angle a be, 

M, — Suppose a J to be tkree-fifihi of a b. 

P. — Then the triangle a de is tdnt-twenty-fifdis of 
the triangle abe. 

M. — And, how are nine-twenty-fifths related to 
three-fifths? 

P, — Nine-twentyfifths are the square of three- 
three-fifths. 

M. — Hence, liad is any part whatever of a by wfuU 
part will the triangle adehe of the triangle abc? 

P. — The part expressed by the square of ad, 

M, — And, by what name did we denote the sides of 
similar triangles which are opposite to equal angles ? 

P, — They are called the homologous sides. 

M, — ^Now, express, in words, the relation which 
similar triangles have to one another. 

P, — Similar triangles are to one another as the 
squares of their homologous sides. 

SUBSTAKCE OF SECTION VIII. 

1. Triangles between the same parallels are to one 
another as their bases. 

2. If, from any point in any side of a triangle, a 
straight line be drawn parallel to either of the other 
sides, the segments of the sides are proportional to 
each other. 

3. Triangles are said to be similar to each other, 
when the angles of the one are equal to the angles of 
the other, each to each. 
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4. In similar triangles, the sides which are opposite 
to the equal angles are called homologous sides. 

5. In similar triangles, the homologous sides are 
proportional to each other. 

6. The areas of similar triangles are to oHe another 
as the squares of their homologous sides. 

SECTION IX. 

POLYGONS. 

The aim of this paragraph is, to afford a suitable 
occasion and method for recapitulating and applying 
the foregoing truths, and, likewise, to excite the 
pupils to discover some of the more obvious and im- 
portant truths arising from the investigation of regu- 
lar polygons. In order to accomplish this object^ the 
master should abstain from giving them any assist- 
ance^ and be satisfied if their endeavours are success- , 
ful in part only, — rather aiming to obtain little, [but, 
that litde from the pupils themselves,'] than dragging 
them, as it were, forcibly forward, to wrestle with new 
difficulties. 

The following are some of the results (wtually ob- 
tained, in this manner, from the author's pupils. — 

M, — We have, now, arrived at the investigation of 
polygons, and it is my wish that you should endeavour 
to discover some, at least, of their properties. In 
what way would you begin the investigation of a regu- 
lar pentagon, for instance? What questions would 
you propose to yourselves, concerning it ? * 

P. — 1. We would endeavour to find the sum of its 
angles. 
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2. Then^ each angle separately. 

3. Each of the sides may, next, be produced, and the 
sum of the exterior angles found* 

4. The sides may, then, be produced till they meet, 
and the sum of the angles be ascertained, which these 
sides form at the point of concourse. 

5. One diagonal may be drawn, and the relation it 
bears to the other sides be investigated. 

6. Two, three, four diagonals may be drawn, and 
their relations to each other be investigated. 

These answers, which the master may obtain from 
his pupils, he should write upon the large school-slate, 
and^ directing their attention to their own observations, 
leave them to demonstrate each satisfactorily. 

1. In a regular pentagon, the sum of the angles = 
6 rt. Z8- 




Join ac : 

•.• ^s of A a 6 c = 2 rt. ^s, 

and ^s of trapezium a e rf c = 4 rt. 2ls> 

.•* Zs of the pentagon = 2 -j- 4 = 6 rt. Z.s- 

2. Each of the angles is^ therefore, one-fifth of 6 rt. 
Zs- 
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«. e. six-fifths of a rt. /., or one rt. 21 and one-fjflh 
of a rt. 2I, — ^and, therefore^ obtuse. 




3. The sum of the exterior angles = 4 rt. Zs- 
For, ••• each ext. Z/« ^ + its adjacent \nt. j^hae 
2 rt. /.s, 

.'. all the ext. j/^s -j- all the int. /.s = 10 rt. z,s. 
But, the int. Z,8 of the pentagon = 6 rt /.s ; 
.-. ext Zs = 4 rt 2I8. 




4. If the sides of a regular pentagon be produced till 
they meet, the sum of the angles at the points of con- 
course = 2 rt. ^s. 
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For, \* exU j/^le k o£ A*e gkss'mt. opp. Z.&egk + ekgr, 
and, likewise, ext^l Ideof A dfk == int. opp. 2I dfh 
+ dhf, 
,.\ Zs/eA + ldess4 j^b hi g, k,f, h. 
To each of these equals add 2I &t /y 
•'• Zs of A edl=:5 2IS 9Xff,k,fyh,l; ue. 
= 2 rt. Z8. <2L^ 




5. A diagonal^ ac, is parallel to the side^ e d. 
Join ad, ce: , 

then ;• ae^ed^cdyed, each to each, 
and j^aed^ss^ j^cde, 
,\ A aed=s Acde, 

But^ equal as upon the same base are between the 
same parallels ; 
.*. a c is parallel to 6 ^. 
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6. If^ from the same angular extremity^ two diago- 
nals aCf ad, be drawn, they shall be equal to each 
other; and each of the angles acdy adc, is double 
the angle cad. 
For> '.'ha^hc^ziea^edy each to each, 

and ^ o 6c = 21 « « ^> 

.*. baseac =: base ady 

and .\ j^acdz:^ j^adc ;, 

also^ ••• whole 21 at o = whole ^ at dy 

and Z,ead=z j/^ eda, 

.% the remaining /^badzz the remaining /^adc» 

But, V ad\\hcy 

•'• Z. be a zz alt, Z,c ad zz Z. hac; 
and .\ ^ bad is double o£ ^cad. 
But ^ adcz=, Z bad; 
.\ ^adc is, likewise, double o£ ^cad. 




7. If, from two angular extremities a, by diagonals ac, 
bey be drawn, — 

1. The ^gxrtefed 6 is a parallelogram ; 

2. The greater segment fc is equal to a side of the 
regular pentagon ; and the figure/c rf c is, therefore, 
a rJumib^ h 5 
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3. fh a is similar to a a^e. 

1. vac II ee^and 6e II cd^ 

.*. fig./cc^e is a parallelogram ; and^ 

2. ,\fc=ied=:ifeT=icd^ 
a side of the pentagon ; 

the fig.fcde is, therefore, a rhomb: 

3. also *.' the opposite ^s of parallelograms are equal 
to each other, 

••• Z<?/«= Z^ede^ ^hat; 

but, Zafb=z ^cfe; 

and .'., also, ^ afh z=, ^hae^ 

and ^ a hf\^ common to as a b e, a b c ; 

,'. remaining Z. ^ «/= remaining Z^aeb^ 

and .'. A abf 18 similar to A ae 6. 

From this it follows that, 

l.fa^fb, 

\' ^aeb = Zabe=i jL^af; 

and /. rectangle cf x fa=s rectangle hf x fe: 

2. also V AS a 6 e, a hf, are similar, 

.: b e : b a I : b a : bfy 

and .'. rectangle be x hfi=.ba-. 

But, \'fe = ba =/e, 

... 6a2=/e2, 

and .•. rectangle be x bf =ife-. 

Obs, — The master has, here, an opportunity of ex- 
plaining what is meant by <^ dividing a straight line 
into extreme and mean ratio.'* 

The pupils may, now, be required to investigate, in 
a similar manner, a regular hexagon. 
They will fipd that. 
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1. The sum of the interior angles of a regular hexa- 
gon is equal to eigiht right angles. 
V 2. Each of the angles is^ therefore^ one-sixth of eight 
right angles, [t. e. four-thirds of a rt ^ = one and 
one- third of a rt. 21>] and is, therefore, obtuse. 

3. If each of the sides be produced, the sum 
of all the exterior angles is equal to four right 
angles. 

4. If the sides be produced till they meet, the 
sum of the angles at the points of concourse ^ 4 
rt. Z8. jr 




For, •.• 218 of A ^ A ^ =-2 rt. zs, 
and, likewise, ^is of a /wio = 2 rt. ^s, 
.*. Zs at the points ^, A, ^ /, w, o = 4 rt. ^s- 
5. The opposite sides are parallel to each other. 



Join ae, b d 
then \'/a,fe 




icbfCdy each to each, 
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and i_ at/= z at c, 

,\ a e Si b d. 

But ab s= ed; 

.*. figure a bde is a parallelogram^ 

and .*. ab\\e d. 

6. Also •/ whole Z at a = whole Z at e, 
and V Lfae^L fea^ 
/. remaining Lbae^=. remaining Ldea, 
But %• a 6 II e rf y 
.-. Z 8 ft a e H- rf e a = 2 rt. Z s ; 
/. Z ft « « is a rt Z > 
and /. fig. a cf is a rectangle. 




7. A diagonal, fte, is 

1. parallel to c cf or af; 

2. bisects the angles at ft and e, and^ also, the hexa- 

gon. 
1. Join ce^ bd; 
and '.' bcy cd^^edy dc^ each to each, 
and Z at c = Z at c, 
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and they are upon the same base dc ; 
.'. beWed, and .\, likewise^ || af. 

2. Also^ join ae: 
V in ABbaefbee, 
rt. /I bae =s rt Z. bee, 
and ab:=bcf 
.*. A 6 a e .=: A 6 c e, 
and .\ Z. obe =s /_^ cb e. 
But Z. abe =: alternate Z. bed; 
.*. the Z 8 at 6 and e are bisected. 
Again, •/ a^<i be = a bee, 
and A a/e =b a ede, 
.-. AS abe-^- afe= as bee + erf c, 
and .'. b e bisects the hexagon. 




6. If two diagonals b e, a d, be drawn, esrch of the 
LBagefbgd^s^ the angle of the hexagon. 
For, V adWfe and 6e || a/, 
.*. fig. ae is a parallelogran^y 
and .*. Lage^ss. opp. L afe ; 
also V ag^ssfevxAaf^sige: 
.*. fig. aeis a rhomb; 
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and each of the segments of the diagonals is equal to 
a side of the hexagon. 




9. A third diagonal passes through the point of in- 
tersection of the other two. 

Join/^,^c/ 

and '.* fig. a e is a rhomb, 

.*. L agf^ L egf. 

Similarly, Lhge^iA /^ dgcy 

and Lagh^=^ vert. L egd; 

.\ L^agf'\' agh'\'hgc^st\ the sum of the Zs about 

the point ^> ss 2 rt. L s, 

.'./c is a straight line; 

thus^ three diagonals intersect each other in the same 

point. - 

10. HeYice it follows, that the six triangles are 
equilateral triangles. 

The following are questions^ which the master may 
seasonably and appropriately ask his pupils, relative to 
polygons^ in general : — 

M, — What is the sum of the interior angles of a 
heptagon-'^-of an octagon ? In what manner may the 
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sum of the interior angles of any polygon be deter- 
mined ? 

P, — Every pdygon may be resolved into as many 
triangles as the figure has sides ; the sum total of tfieir 
angles is^ therefore, equal to twice as many right angles 
as the figure has sides. 

Now, the sum of the angles about the common vertex 
of these triangles = 4 rt. /.s ; therefore, the sum oi 
the interior angles of any polygon is equal to twice as 
many right angles as the figure has sides less [mitms] 
four. 

M. — If the number of sides be three, four, five, six, 
seven, &c., what is the sum of the interior angles o. 
figures so constituted, respectively ? 

P, — Two, four, six, eight, ten, &c. right angles. 

M, — What relation have the numbers three, four, 
five, six, seven, &c. to each other ? 

jP. — They form an arithmetical series ; they are the 
natural numbers, beginning from iJiree, in an ascen^^ng 
order. 

M, — And, what relation have the numbers two, four, 
six, eight, ten, &c. to each other ? 

-P.— They form, likewise, an arithmetical series. 

M, — Endeavour to express, in words, the relation 
which the sides and sum of the interior angles of poly- 
gons have to each other, when taken in such an order. 

iP.-^The sides form an arithmetical series whose 
common difference is ancy and first term three ; and the 
respective sums of the interior angles form an arithme- 
tical series whose common ratio and first term is two. 
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ilf. — ^In a triangle, when each side is produced^ 
what is the s\im of the three exterior angles ? 

p. — Four right angles. 

(Demonstrated before,) 

M, — Produce each of the sides of a quadrilateral 
figure, — a pentagon, — a hexagon — of any polygon; 
and find the sum of the exterior angles. 

The pupils will find this sum to be, in every case^ 
equal to four right angles. 

Hence, if each of the sides of coMf rectilineal figure 
be produced, the sum of the exterior angles is equal to 
four right angles. 
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CHAPTER 11. 

SECTION I. 

ONE CIRCLE — ONE AtfD TWO STitAIOHT LINES 
IN A CIRCLE. 

M. — State all you know of a circle. 

Let the pupils state what they remember of Lesson 
XI. [Introd.] ; and, to facilitate their recollection, let 
the sphere, cylinder, and cone, be presented to them. 

-K — ^By what means may a correct circle be de- 
scribed ? 

P. — ^By a pair of compasses, or by means of a 
string. 

The master has, here, a fit opportunity of making 
several observations on the use of the Mathematician's 
Compass in describing a circle, and of instructing the 
pupils to draw circles without its assistance. 

M. — What is the fixed point called ? 

-P. — The centre of the circle. 

-K — And, what is the curved line called ? 

P. — ^The circumference of the circle. 

M. — And, what is the space bounded by the cir- 
cumference called ? 

P. — The area of the circle, or the circle. 

M. — ^What do you know respecting the position of the 
centre of a circle with regard to the circumference ? 
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P, — The centre of a circle is such, that all straight 
lines drawn from it to the circumference are equal 
to each >other. 

M, — ^What are such lines called ? 

P. — Radii of the circle ; and one is called a Radius. 

M, — Can a circle have more than one centre T 

P, — No ; for, then, there would be radii not equal 
to one another. ' 

M, — And, what is a straight line passing through 
the centre and terminated both ways by the circum- 
ference called ? 

P. — A diameter of the circle. 

iKf.---Compare the portions of a circle obtained by 
drawing a diameter. 

P. — They are equal to one another, and are called 
«emt-circles [Aoij^circles] . 

ilf. — Compare, likewise, the portions of the circum- 
ference cut-off by a diameter. 

P^ — They are, likewise, equal to one another. 

M» — These and other portions of the circumference 
are called arcs. When is an arc a ^emt-circumfer- 
ence? 

P. — When the straight line joining its extremities 
is a diameter. 

M. — ^Describe a circle, and draw, in it, any straight 
line terminated both ways by the circumference. 
In how many different ways can such a Ime be 
drawn ? 

P. — Either passing through the centre, or not 

M. — In a circle, a straight line, which is terminated 
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both ways by the circumference, and which is not a 
diameter, is called a Chord. Compare a chord with 
a diameter. 

P. — A chord is always less than a diameter. 




For, join c d and ce ; 

then *.* any two sides of a triangle are together greater 

than the third side, 

But cd + cez:iahf the diameter of the circle ; 
.*. a6> de. 

M. — From the centre erect a perpendicular on a 
chord ; and, then, compare the segments of the chord. 




/^.— The chord a 6 is bisected by the perpendicular 
ed. 

For, join a c, c6 y .*. a a c & is an isosceles A ; 
and, c d being perpendicular to a by 
adzzbd. 

M. — Hence, if, from the centre, ed he drawn, bi- 
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secting the chord ab, what are the angles which it 
makes witha^^ 

P. — Right angles: for^ then, cazzeby and ad=:dby 
and cd is common; ,\ Aacdrz Acdb^ and .*. 
Z^eda-^, ^ edb. 

M. — ^I thinks from the truth you have here demon- 
strated, you will be able to devise some method of 
finding the Centre of a circle. 

P, — Yes ; for, it must be in the perpendicular which 
is drawn bisecting a chord ; thus: 




draw any chord a 6 in a circle, 

and let c d, bisect a.b, and be perpendicular to it ; 

bisect c d inf: then/ must be the centre of the circle. 

M. — Find the different ways in which two straight 
lines may be drawn in a circle. 

[The pupils ascertain this.] The most important 
of the several cases are, 

1. When the two straight lines are diameters. 

M. — If two straight lines in a circle are diameters, 
where is their point of intersection ? 

P, — In the centre of the circle. 

M. — How may ^ two diameters intersect each 
other ? 
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P. — Either at right angles, or not. 
M. — Compare the arcs intercepted by these diame- 
ters. 

P. — ^They are equal to one another ; and each is 
one-fimrth part of the circumference. 

M. — Compare the areas intercepted by the diame- 
ters and arcs. 

P. — They are equal to one another; and each is 
one-fourth part of the circle. 

M. — They are, on this account, called Quadrants. ^ 
[fr. quadransy Lat] If, then, an angle at the cen- 
tre of a circle is a right angle, what part of the cir- 
cumference is the arc which subtends it ? 
P,— One-fourth. 

M. — And, if the arc is ^so^ a fourth part of the cir- 
cumference, what must the angle which it subtends 
at the centre be ? 

P. — Either an cbtuse or an acute angle, according 
as the arc, which it subtends, is more or less than one- 
fourth of the circumference. 

M. — Compare the arcs and the areas intercepted 
by two diameters which do w^ intersect each other 
at right angles. . 

P. — The opposite arcs and areas are equal to each 
other ; the smaller arcs subtend the equal acute angles, 
and the two greater arcs subtend the equal obtuse 
angles at the centre. 

M. — And, if the acute angles be made greater or 
smaller, what will, consequently, be the case with 
the subtending arcs ? 
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P. — They will, consequently^ become greater or 
smaller also. 

M, — Hence, what relation exists between the arcs 
of a circle and the angles which they subtend at the 
centre ? 

P. — They increase or decrease according as the 
angles at the centre increase or decrease. 

M. — It is from this circumstance, that arcs are said 
to be the measures of the angles which they subtend 
at the centre. 

2. When two straight lines in a circle are not dia- 
meters. 

M, — When two straight lines in a circle are not to 
be diameters, in what two different ways can they be 
drawn ? 

P, — Intersecting one another, or, not intersecting 
one another. 

M. — If they do not intersect each other, when are 
they equal to each other? 

P. — When they are equi-distant from the centre. 

M, — By what means would you measure the distance 
of a straight line from a point ? 

P, — By a perpendicular drawn from the point to the 
line. 

M. — Why Siperpendicuiar 9 Could any other straight 
line serve the same purpose ? 

P, — No : for, from the point, any number ofunequed 
straight lines may be drawn to a straight line, but 
only one perpendicular. 

M. — Then, demonstrate that chords which are equi- 
distant from the centre are equal to each other. 
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P. — From the centre c, draw the perpendiculars efy 
eg ; and join chyCd* 

Then v ah^de, are equi-distant from the centre, 
cf—cg; 

and cbzz cdj as they are radii ; 
and, bf IS one-half o£ab ; * 

also, gd 18 one-half ofde. 
But, V Z. cfb is a rt. Z ; 
.'.cb' = cf' + bf; 
similarly^ cd!^=igd^ + c^. 
But, cb^-ncd^ (because cb::z cd); 
.-.cf + bp^gd^ + cg". ' 
But, c/2 =: c ^' (because c/= c ^) ; 
.*.bf-gd^, 
and, .*. bfzzgd. 
But &y* is one-half of a 5, 
and^ cf is one-half ofde; 
.*. a6=: de. 

M. — And, when it is known that chords in a circle 
are equal to each other, what inference must be drawn 
respecting their distances from the centre ? 
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P. — Their distances must be equal : 
for, ',' ab:=zdei and cf^cg are perpendiculars^ drawn 
to them from the centre^ 
.\hf—gdy 
and cbzz cd; 

.'. cp + bf=:cg'+gd' (as before). 
But bf'zzgd^; 

and .•. cfn eg; 

that is, the perpendiculars are equal ; and> therefore^ 

the chords ab, de, are equi-distantfram the centre, 

M. — And, when are two chords not equal to each 
other? 

P. — When they are at unequal distances from the 
centre. 




For, \ide be ^ ab, 
dg is > hf. 

l^Mt^cp-^hf-cg^ + dg^ 
and dg^'^bjr ; 
.'.cp>cff; 
that is, cf^cg. 

Hence, the chords are at unequal distances from 
the centre : and the lesser chord, a b, is farther from 
the centre than the greater chord, d e. 
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3. When two straight lines in a circle intersect 
each other. 

ilf.— If two chords in a circle intersect each other, 
where may their point of intersection he ? 

P. — Either in the circumference of the circle, or 
ivitMn the circle. 

M. — In the former case, the angle made by two 
chords meeting in the circumference is called the 
angle at the circumference — 

a 




[in contra-distinction to the angle bdc SLt the centre]. 
What have the angles bac and bdcin common 9 

P. — The arc b c subtending them both. 

Jf. — Hence, these angles are said to stand upon the 
same arc. Compare them. 

P. — The angle bdc&t the centre is greater than the 
angle bac at the circumference ; — it is double the 
angle at the circumference. 
For, join a d and produce it to 6 y 
then V da=idby 
L dab '=. Ldba; 

and .*. the ext. Z. ^db is double L dab. 
Por a similar reason, Z. edcv& double /^dae ; 
and .% the whole £bdc is double L^ac. 
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M. — ^In this figure^ the angle 6 a e? is an angle at the 
circumference, and the angle hcd,2Lt the centre; and 
they stand upon the same arc hd. Is Z. 6cd, likewise^ 
double Z^h ad? 

P. — Yes. Join a c and produce it to « ; 
Z. ecdis double Z. cad; ^ 
also, Z^ ecbis double Z. cah ; i ^ ^' 

.'• remaining Z. bed \& double the remaining Z^bad. 

M. — ^Hence> when an angle at the circumference is 
one-half of a right angle, what is the angle at the 
centre, upon the same arc? 

P* — Double one-half of a right angle,— -that is, one 
right angle. 

M^f^Axid, what part, therefore, of the whole cir- 
cumference is the arc upon which they stand ? 

P.— One-fourth of the circumference. 

ilf.p— And^ when an angle at the circumference is a 
right angle, what is the corresponding angle at the 
centre ? 

P. — There can^ in this case^ be no angle at the 
centre ; because^ no angle can be equal to doubU a 
riglU angle, or, to two right angles* 
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M4 — Now, what part of the circumference is the arc 
which subtends a right angle at the circumference ? 

P, — It must be a semi-circumference* 

M. — If, then, an angle at the circumference stands 
upon a semi-circumference^ what must that angle 
be? 

P. — A right angle. 

M. — ^Demonstrate that — When an angle at the cir- 
cumference stands upon a semi-circumference, it is a 
right angle. 




P. — If the arc aeh is a semi-circumference, a h 
passes through the centre c. Join c d: 
then \* cd-zi ca^ and cd:=: cb, 
L cda-zi L cady and Z. cdbzz L cbd; 
and .*. whole Lcdbm /.scad + cbd, 
Now^ if one of the angles of a triangle is equal to the 
sum of the other two, it is a right angle; 
.'. Z. a db is &rt. /.. 

JIf. — And, if it be known that an arc is less than a 
semi-circumference^ what must be concluded with re- 
spect to the angle which it subtends at the circum- 
ference ? 

I 2' 
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P. — It must be less than a right angle ; it must be 
an acute an^e. 

M. — Demonstrate this. 

P, — V the arc adbis el semi-circumference, 
/. the arc e? 6 is less than a semi-cjrcumference. 
But, in A adb, L adb is a rt. Z. ; 
.\ /_ dab is less than a rt. Z. • 

M. — And, if the arc be greater than a semi-circum- 
ference — ? 

P, — The angle which it subtends at the circum- 
ference must be greater than a right angle ; it must 
be obtvse. 

For, -.' the arc a 5 is a semi-circumference, 
.*. the dscbae is greater than a semi-circumference. 
But Z. arf^ is a rt. Z. ; 
/. l_edb >rt. Z., 
i. e. Z 6(^6 is an obtuse angle. 

M, — There is an important truth dependent on 
the relation of angles at the centre and angles at the 
circumference, upon the same arc. At the centre, 
can there be several angles which stand upon the 
same arc ? 

P.— No. 

ilf. — ^But, can the same arc subtend several angles 
at the circumference ? 

P. — Yes, — an indefinite number. 

M. — And, what may be concluded respecting 
them ? 

P. — They must all be e^^ioL 
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Join cb^ cd; 

.•. Z. ft erf, at the centre c, 

is double of each of /_8bady bed^ and bfd; 

and /. Z. bad=z L bed^bfd. 

M. — ^Look at the figure you have adopted, in de- 
monstrating this truth. What part of the circum- 
ference is the arc b df — ^what kind of angles are bad, 
bedy bfdf — Now, show tliat angles which stand 
on arcs greater than the semi-circumference are, Hke- 
wise> equdl to each other. 




P. •.• arc a rf > semi-circumference, 
.'. arc a bed^ semi-circumference ; 
and ,\ Z. bae=i L bde (as before). 
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But L afh = Z dfey inasmuch as they are ver- 
tical Z.S; 

•*. in AS a 6/ dfey there are 2 Z s of the one = 2 Z s 
of the other, each to each ; 
/. rem. abd=. rem. I, aed. 

M. — We have now arrived at the last case, — 
" when the point of intersection of two chords falls 
within the circle." If the point of intersection is in 
the centre, what^ then^ are the chords ? 

p. — Diameters of the circle. 

M. — And, if we conceive rectangles formed by 
their segments, what conclusion must necessarily fol- 
low respecting them ? 

P. — Such rectangles are squares, and are equal to 
each other. 

M. — ^But, if the point of intersection be not the 
centre, are the segments^ then, equal to each other ? 

P.— No. 




Join cf: 
then, Mihfzzfa^ 
l_ cfh is a rt Z. ; 
and lief^zfdy 
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LcfeiA likewise a rt. Z. ; 

and.'. Z. c/*= Z. c/c, 

which is impossible : 

.*. ab and eddonai bisect each other. 

M, — Again^ if the point of intersection is not the 
centre of the circle, are^ then^ the rectangles contained 
by their segments equal to each other ? 




P. — Yes ; the rectangle contamed by a e, e h, is 
equal to the rectangle contained hy ce^ed. 
Join a c and cf ft.* 

.% Z. acd'zi L abdf as they are on the same arc ad; 
similarly^ /. cabzz Z,cdb, 
and Z_ ceazz Z. bed^ as they are vertical Z. s : 
.'. A aec is similar to a bed; 
and ,\ae led :: ec :eb; 
and^ hence» ae x eb:=ied x ec, 
that is, rectangle ae,ebsss rectangle ed^ee* 

M. — There is a particular case depending on this 
truth. — ^Let one of the two straight lines be a diameter, 
and the other a chord at right akigles to it : find 
how the truths you have demonstrated, is then 
modified. 
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P. — The rectangle a«, «5 =: rectangle ce^td. 
But cezzedy because a 6 is at right angles toed; 
.% rectangle ceyed:^e^ or d^ ; 
and .*. rectangle ae^eb^zce^, 

M. — Express this truth in words. 

P.—If, from a point in the circumference of a 
circle, a perpendicular be drawn to the diameter, the 
rectangle contained by the segments of the diameter 
is equal to the square of the perpendicular. 



SUBSTANCE OF SECTION I. 

1. A circle has only one centre. 

2. A diameter istlie longest straight line that can 
be drawn in a circle. 

3. An arc of a circle is a portion of its circum- 
ference. 

4. I'he straight line joining the extremities of an 
arc is called a chord. 

5. A perpendicular drawn from the centre to a chord 
bisects the chord. 

6. If a chord be bisected, the straight line joining 
the point of bisection and the centre of the circle is 
perpendicular to the chord. 
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7. Arcs are the measures of the angles which they 
suhtend at the centre. 

8. Chords which are eqiii-^distant from the centre of 
a circle are equal to each other. 

9. Equal chords, in a circle, are equi-distant from 
the centre. 

10. Chords, in a circle, which are not equi-distant 
from the centre are not equal to each other, and the 
lesser chord is farther from the centre than the greater 
chord. 

• 11. The angle at the centre of a circle is double 
the angle at the circumference^ upon the same arc. 

12. At the circumference^ an angle which standi 
upon a semi-circumference is a right angle. 

13. At the circumference^ an angle which stands 
upon an arc less than a semi-circumference is an acute 
angle; and that which stands upon an arc greater 
than a semi-circumference is an obtuse angle. 

14. At the circumference^ angles which stand upon 
the same arc are equal to each other. 

15. In a circle^ if two chords intersect each other, 
the rectangle contained by the segments of the one is 
equal to the rectangle contained by the segments of 
the other. 

16. If^ from any point in the circumference^ a per- 
pendicular be drawn to a diameter, the rectangle 
contained by the segments of the diameter is equal to 
the square of the perpendicular. 
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SECTION II. 
THRBE AND MORE siroiffki UmM IK A CIRCLE. 

M. — 1£, from any point in a circle^ three straight 
lines be drawn to the circumference, what will result 
from comparing them ? 

P. — Nothing definite can be said of them, except 
when the point is the centre. 

M4 — But^ if one of the tliree straight lines passes 
tlirough the centra—? 

P. — The straight line which passes* through the 
centre is the greatest of the three. 

Let ab pass through the centre c ; ab shall be 
greater than ad ox a e. 




Join cd^ ce: 

then^ *.* c is the centre of the circle^ 

But ac H- cd^ad; 

that is, ab ^ad. 

Similarly, ab^ ae; 

.*. a 5 is the greatest straight line. 
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[In such cases^ of course^ the term '^greatest" 
refers to length solely.] 

ilf.^^Now^ compare the other two lines^ a d and a e, 

P. a4 is greater than a6 / 
V a c and ed^^ac and c e^ each to each. 
But Z. acd^ L ace; 
.\ ad^ae. 

M. — Express this in words. 

P4 — Of three straight lines that can be drawn from 
any point in a circle to the circumference, whereof 
one passes through the centre^ the greatest is that 
through the centre ; and the one that is nearer to that 
which passes through the centre is greater than the 
one mote remote. 

M4 — ^But, can there be drawn two equal straight 
lines from the point a to the circumference ? 

P4 — Yes : one on each side of a 6^— -that is, one on 
each side of the greatest line. 




Make Ldcbis^ Z, eeb^ 

and join a d and ae: 

.\aCiCd ssaCfCe^ each to each, 

and Z. acd= L ace; 

.*. base ad=i base a e. 
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M, — Can there be^drawn, from the point to the cir- 
cumference, a third line which shall be equal toad 
ot aef 

P. — No ; because it has been proved^ that any line 
which is nearer to aby is greater than one that is more 
remote : and, therefore, any line drawn on either side 
of a 5 must be less or greater than ad or a e^ 

M, — How many equal straight lines can be drawn 
from the point a to the circumference ? 

P, — Only two single lines ; but as many pairs of 
equal lines as you 'please. 

M. — ^Let us suppose, then, that three lines, from a 
certain point to the circumference, are equal to each 
other, — where must that point be in the circle ? 

P. — It must be the centre of the circle, 

JIf.-— Then, how many equal lines, at least, are re- 
quired to determine whether a certain point is the 
centre of a circle ? 

P. — At least, three equal straight lines to the cir- 
cumference. 

M. — Now, draw three straight lines, in all possible 
ways, in a circle ; and find what results arise from the 
investigation of each case. 

P, — 1. Three straight lines in a circle may all be 
diameters, or all radii. 

If they are diameters, no particular truth arises 
from the circumstance. 

If they are radii, the angles which they make at the 
centre may be equal to each other, or they may not. 

If the angles at the centre are equal, the arcs which 
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subtend them must be equals (since arcs are the mea- 
sures of angles at the centre,) and the straight line& 
which join the extremities of the radii are equal. 




For, A cab evidently = a c 6 rf; 
and .\ab = bd. 

ilf.— Hence, chords which cut-off equal arcs of a 
circle must be ? 

P. — Equal to each other. 

M. — And, equal chords in a circle must cut-off ? 

P.— i-Equal arcs. 

But, if the angles at the centre are not equal to each 
other, the corresponding arcs are not equal to each 
other; nor are the lines which join their extremities 
equal to each other and the greater Ime is that which 
subtends the greater angle. 

2. Of three straight lines in a circle, two may be 
radii, and the third a diameter. 
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If AacdsB /^dce^:^ /iecby 
each of them ss fs <^a rt. Z. ; 
.% j^Bcad ^cda^^rU /^^ 
l^Mt Z^cad^ Z^cda; 
.•. each of ^scady cdass^rU /,: 
hence, Aacdis equiangular, 
and *\y also, equilateral, ' 

and ca^cdszad. 
But A accf 8SS A dcess Aecb; 
/. ad=ide ssieb, 

3. Of three straight lines in a circle, two may be 
diameters, and the third a radius. 

No particular truth arises from this case. 

4. They may he chords. 

These^ if equal to each other, are equi-distant from 
the centre. 

And^ if equi-distant from the centre, they are equal 
to each other. 

Two of them may be equdl to each other ; the 
thirds then, is not equi-distant, with them, from the 
centre. 

They may be all parallel, or two only may be pa- 
rallel with each other. 

No particular truth arises from this case, unless 
a perpendicular be drawn, from- the centre, upon one 
of them; it is, likewise, perpendicular to each of 
them, and bisects each of them. 

5. Three straight lines in a circle may intersect 
each other. 

Their point of intersection may be within the circle 
or in the circumference. 
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If it is within the circle, and the lines are equal to 
each other, the point of intersection is the centre. 
(This has already been shown.) 

If the lines are not equal to each other, the rect- 
angles contained by the segments of each are equal to 
each other. 




For, the rectangle ag^gb = rectangle eg, gd; 

also, rectangle ag,gb = rectangle eg, gf: 

•*. rectangle ag, gb =s rectangle eg, gd=s rectangle 

«^> fff- 

If they are in the circumference, and the angles 
which they make are equal to each other, the arcs 
which subtend them are^ likewise, equal to each 
other. 

a 




For, let ^ bad =2 ^ das: 
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.\ ^bcd^ /_ dccy — as ^^s at the centre; 
and .*• arc hdss arc de. 

6. Tliey may intersect each other in two points. 
Nothing determinate can be said of them^ in this 

case/ unless more is known. 

7. They may intersect in three points, and form a 
triangle. 

That triangle may be right-angled, obtuse-angled, 
or acute-angled. 

M. — Where are the angular extremities of such a 
triangle ? 

P. — In the circumference. 

itf". — ^A triangle, or any other figure, of which all the 
angles are in the circumference of a circle, is said to be 
inscribed in the circle. Where is the centre of the 
circle^ when the inscribed triangle is right-angled ? 

P. — ^In the intermediate or middle point of the side 
which subtends the right angle ; because every right 
angle at the circumference is subtended by a semi- 
circumference, and the line which joins the extremities 
of a semi-circumference is a diameter. 

M. — Endeavour to demonstrate this, by means of 
auxiliary lines. 
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P.— Let^ hac be a rt. Z » 
bisect 6 c in d: 

the point d shall be the centre of the circle* 
Draw rfe, rf/at rt. ^s to a 6, a c, respectively, 
and join cfa.* 

then *.* de is at rt^^s to a 6, 
.\ae ^^be, 

and d^e is common to A s cf e 6, cf e a ; 
.\db ssdcu 

In the same way^ it may be shown that 
da=^dc; 
,\db ssida^tdc; 
and .*. d is the centre of the circle. 

M, — But, when the inscribed triangle is obtuse or 
acute, where is the centre ? 

P. — When it is obtuse, the centre of the circle must 
be without the triangle, beyond the side which sub- 
tends the obtuse angle; because an obtuse angle is sub- 
tended by an arc which is greater than a semi-cir- 
cumference. 

If it is an acute-angled triangle, the centre of the 
circle is within the triangle. 

M, — Yes : and, when the inscribed triangle is equi- 
lateral, where is the centre of the circle ? 

P.— In the centre of the triangle ; because^ since 
the sides are equal, they are equi*distant from the 
centre. 



The pupils may, now, be. left to draw^^r straight 
lines in a circle. The truths, arising from their vari- 
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ous combinations^ will afford the means of recapitulat- 
ing most of those positions which have before been 
established, and which need, here, no repetition. 
Those which are of chief importance, however, are 
the following. 

ilf. — If four chords be drawn so as to join the ex- 
treHiities of two diameters, what may be said of 
them. 

P4 — The opposite chords are equal to each other ; 
and^ therefore, they form a parallelogram. 




For, coyc b^^cdf ce^ each to each, 

and j^achss /^dce; 

.\ab ssde; 

similarly, ad^^be. 

But, if the opposite sides of a quadrilateral figure are 

equal to each other, the figure is a parallelogram ; 

•*. a 6 6 d is a parallelogram. 

M. — And, when will the inscribed quadrilateral 
figure be a square ? 

jP.-— When the diameters cut each other at right 
angles. 
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For, then ab^bd; 

and /• a 6 e cf is equilateral. 

But z^badvA^LxU /^ [because it is subtended by the 

semi-circumference bed^ ; 

•\abdei% rectangular, 

and .\aebd\&9k square. 

M. — Draw any four chords in a circle^ so as to 
form a quadrilateral figure, and determine what may 
be said of the sum of the opposite angles. 

P. — The sum of the opposite angles of any qua- 
drilateral figure, inscribed in a circle, is equal to two 
right angles. 
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Join ae and hd: 

then V ^BcadyCbd&re upon the same arc ed, 

^cad^ssi Z^cbd; 

for a similar reason, ^bacss /_hde; 

/. whole ^badss^Bcbd-{-bdc, 

To each of these equals add /^bcd ; 

.'. ^sbad + bcd=^ ^s cbd + bdc '\- bed. 

But Z.^cbd -{■ bdc +5crf = 2rt, Zs; 

/. ^8 bad-^ 6crf = 2rt. ^s; 

and, ••• all the angles of the figure abcd^ Art. ^s, 

.*. ^8 a 6 c + a cf c = 2 rtu Zs. 
M. — ^Then, what are the only quadrilateral figures 

which may be inscribed in a circle ? 

p. — A square ; a rectangle ; and a trapezium, 

whose opposite angles are toget^her equal to two right 

angles. 

The pupils are, now, required to draw Jive, six, seven, 

Sfc, chords in a circle. These combinations, however, 
offer no important results which can be adequately ap- 
preciated by them, at thi8 stage of their geometrical 
knowledge. From thi8 general remark may be ex- 
cepted, however, the particular case of an inscribed 
equilateral and equiangular hexagon, — ^each side of 
which is equal to the radius of the circle ; whence 
the truth, that, the radius of a circle may be applied six 
times, exactly, to the circumference. — The demonstration 
of this being easy, will be readily discovered by the 
pupils. 
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SUBSTANCE OF SECTION II. 

1. If, from a point in a circle, there can be drawn 
more than two equal straight lines to the circum- 
ference, that point is the centre of the circle. 

2. Of all straight lines that can be drawn from a 
point in a circle to the circumference, the greatest is 
that which passes through the centre. 

3. And, of the others, that which is nearer to the 
one in which the centre is, is greater than any one 
more remote. 

4. And, from the same point, only pairs of equal 
straight lines can be drawn to the circumference. 

5. Chords which cut-off equal arcs are equal to 
each other. 

6. If chords are parallel, a perpendicular drawn from 
the centre to one of them, when produced to their cir- 
cumference, is perpendicular to each of them, and it 
bisects them. 

7. When angles at the circumference are equal to 
each other, the arcs upon which they stand are, like- 
wise, equal to each other. 

. 8. A figure is sadd to be inaertbed in a circle, when 
all its angular extremities are in the circumference of 
the circle. 

9. If a right-angled triangle be inscribed in a circle, 
the intermediate or middle point of the side which 
subtends the right angle is the centre of the circle. 

10. If an obtuse-angled triangle be inscribed in 
a circle, the centre of the circle is without the 
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triangle, beyond the side which subtends the obtuse 
angle. 

11. When an acute-angled triangle is inscribed in 
a circle, the centre of the circle is within the tri- 
angle. 

12. When an equilateral triangle is inscribed in a 
circle, the centre of the circle is, likewise^ the centre 
of the triangle. 

13. The four straight lines which join the extrem- 
ities of two diameters^ in a circle, form a rectangular 
parallelogram. 

14. If two diameters intersect each other at right 
angles, the four straight lines joining their extrem- 
ities form a square. 

15. The opposite angles of any quadrilateral figure 
inscribed in a circle are together equal to two right 
angles. 

16. A square, — a rectangle, — ^and a trapezium of 
which the opposite angles are together equal to two 
right angles, — are the wdy quadrilateral figures which 
can be inscribed in a circle. 

17. If an equilateral and equiangular hexagon is 
inscribed in a circle, each of its sides is equal to the 
radius of the circle. 

18. Hence^ the radius of any circle may be applied 
six times to the circumference. 
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SECTION III. 
LINES without A CIRCLE — TANGENTS. 

The object of this section is the investigation of 
such truths as arise from the relations of straight lines 
wUhaut a circle. The method of proceeding is here, 
likewise^ closely similar to that which has been ob- 
served in the preceding sections. 

A point is^ firsts assumed without the circle, from 
which- straight lines are drawn so as to intersect the 
circle. 

Next,-H)ne tangent is drawn^ and the angles, which 
a diameter, drawn to the point of contact, makes with 
it are investigated. 

Two tangents, three tangents, &c. are, then, dfawn 
in succession, and the nature of the circumscribing 
figures is investigated. 



M, — ^When is a point without a circle ? 

P. — ^When its distance from the centre is greater 
than that measured by a radius. 

M. — If, from a point without a circle, it be requir- 
ed to draw a straight line to the circle, — ^find in how 
many different ways this can be done. 

P. — A straight line, so drawn, may cut the circle ; 
or, it may only meet the circle ; 
or, it may touch the circle ; 
or, it may neither cut it, meet it, nor touch it. 

M4 — ^If a straight line is drawn so as to cut a circle, 
— determine in what manner it may cut it. 
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P. — ^It may either pass through the centre^ or not 
pass through the centre. 

M. — \if from the same pointy two lines be drawn 
so as to cut the circle, in what manner may they cut 
it? 

P* — One of them may pass through the centre, and 
the other may not pass through it; or^ neither of 
them may pass through it. 

ilf.-T-Compare two such lines, in each case. 

P. — If one of them passes through the centre^ 
it is greater than the one which does not pass 
through the centre. 

Let a h pass through the centre c<^ and adcMX the 
circle ; ah shall be greater than ad. 




Join dc; 

.'. dc + ca^ad: 

but dc=: cb I 

.\ah^ad. 

And, if two straight lines be drawn from the point 
a, they may be equal to each other, or they may not 
be equal to each other ; 
ad\% equal toae, 
when /^dcb^s ^ecb; 
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••• then, j^dca^ /_eca^ 

and dcy ca^^ecycay each to each ; 

,'. ad=iae. 

M. — Hence, of all straight lines which can be 
drawn from the point a so as to cut the circle, what 
will be the greatest ? 

P. — The one which passes through the centre ; and 
of the others, that which is nearer to the one in which 
is the centre, will be greater than one more remote. 
Also, only two equal straight lines can be drawn 
from the same point so as to cut the circle, one on 
each side of the greatest line. 

Obs. — The demonstration of these positions being 
similar to the analogous case in the preceding section, 
it is unnecessary to repeat it here. The pupUsy how- 
ever, must demonstrate what they have stated above, 
— and, indeed, should always be required to demon- 
strate whatever admits of demonstration. 

M, — ^When do you consider a straight line as meet- 
ing, and when as touching, a circle ? 

P. — A straight line touches a circle when it meets 
the circumference, and, being produced, does not cut 
t. 

M, — Compare straight lines drawn, from the same 
point, to meet the circle. 

p, — That is the leaift line which, when produced, 
passes through the centre of the circle; and of the 
others, that which is farther from the least line is 
always greater than one more contiguous to it. 

K 
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Of the straight lines agy a e, let ag, produced, pass 
through the centre c, and 
join cd, ed: 
then V cjd •{• da^ ca^ 
and cd =: cgy 
/. remainder ag K^ad; 

that is, the one which^ when produced, passes through 
the centre, is less than one which, when produced, 
does not pass through the centre : 
•'. a ^ is the least. 
Again, *.• cf is a point in a ace, 
,\ae -{• ec^ ad + de- 
but ecss:dc ; 
,\ae^ ad; 

that is, a line which is farther from the least line is 
greater than one nearer to it. 
Also, if ^ dc a = Af^a, 
ad=z af; 

••• A adc ^s A afc» 

Hence, only a pair of equal straight lines can be drawn 
from tlie same point so as to meet the circle, one on 
side of the least line. 
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M. — When a straight line touches a circle, it is 
called a tangent; and the point in which it touches 
the circumference is called the point of contact. 

From the point of contact draw a straight line so 
as to cut the circle, and determine the angles it makes 
with a tangent. 

P. — A straight line from the point of con tact either 
passes through the centre of the circle, or it does not 
pass through the centre. If it passes through the 
centre, it is at right angles to the tangent. 




For, if a is the point of contact, any straight lines, 
cbf cdy from the centre are always greater than ca: 
.% ca is the least line which can be drawn from a point 
to a straight line ; 

.'. ca is at rt. ^stoab* 

ilf.— -But, could not another point, b for instance, be 
likewise in the circumference of the circle ? 

P. — No : for, then, a b would cut the circle, and, 
therefore, not be a tangent. 

M. — Can you show^ that a straight line joining 
any two points in the circumference of a circle is 
within the circle ? 

k2 
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Let a, by be any two points in the circumference : the 
straight line joining them is wiihin the circle. 

From Cy the centre, draw c J at rt. Z. s to a 6, and 
join cb; 

*\cb^cd (because it subtends a rt. Z. )> 
and,/, the point d is within the circle : 
but the point d is in the straight line ab; 
.*. the points a, 6, are in the same line with dy 
and .*. a 6 is within the circle. 

M. — Hence, what may be said of a tangent ? 

P. — A tangent touches a circle in one point only ; 
and the straight line from the centre to the point of 
contact is at right angles to the tangent. 

M. — ^If, then, the angle which a straight line from 
the centre makes with another line meeting the cir- 
cle is no^ a right angle, what must be concluded ? 

P. — ^That the straight line which meets the circle 
is not a tangent, and that, being produced, it must, 
therefore, cut the circle. 

M, — Now, investigate the angles which a straight 
line from the point of contact makes with the tangent, 
when it does not pass through the centre. 
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Let abbe a, tangent, 
d the point of contact, 

^ndde a straight line, noi passing through the centre c: 
^edb :=. ^ upon the arc dg e, 
and ^ eda^: L upon the arc dfe. 
Draw defy and join/c; 
in the arc d e take any point, ^, 
andjoinrf^, ^e; 
.•. Z^fd 6 is a rt. ^. 

But ^ rf e/is a rt. ^, it being ^ upon the semi-cir- 
cumference /rf ; 
.'. Afdhz=. jLdef: 
and Adefzz ^s 6/rf + c J/; 
.\ Z^fdb^ Z.^efd^-edfy 
.•• Z.^fde -\- edhzz ^^ efd -{■ edfy 
and .\ /^edbzz, ^ efd^ upon the arc </^ c. 
Again, •.• opposite ^s e/rf + rf^ 6 = 2 rt. ^s, 
.\ 2.^ e d a •\- e db •=, Z^^efd + dge: 
but, Z.^db=, ^ efd; 
.'. Z^edazz Z^dgey upon the arc rf/e. 
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M, — Express this truth in words. 

P — If, from the point of contact, a straight line be 
drawn so as to cut the circle, the angles which this line 
makes with the tangent are equal to the angles upon 
the adjacent arcs. 

M. — You said that, a straight line from the point 
of contact either passes through the centre or it does 
not ; but, cannot a straight line be drawn between the 
tangent and the circumference ? 

P.— No. 




For, ^ c a 6 is a rt. 2I ; 

,\ ^cad\% not a rt. ^ ; 

and .'. ad\^ not a tangent. 

Hence, a d must cut the circumference. 

M, — Consequently, how many tangents can be 
drawn from the same point without a circle ? 

P. — Only two tangents, one upon each side of the 
straight line which passes, from the point, through the 
centre. 

M, — Draw these, and compare them. 

P — They are equal to each other. 
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Join chycd: ^ 

.'. ^scbOf cda are rt. ^s, 
and.-.ca' = c6' + ab^= ed^ + aiP; 
.'. ab^ ^ ad^, and .*. a & == a df. 

M. — There is another interesting truth respecting 
a tangent, connected with those you have already 
ascertained. I will assist you in discovering it. 




Let abbe SL tangent, and • 
ad a straight line cutting the circle in e ; 
join d b and e b. 
Compare the as adb, a eb. 
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P* — A adh\% similar to a a e 5. 
For, \'ht cuts the circle, 
.\ ^ahe^ss ^adh^ upon the Bxcbe; 
and /^had\% common to the two as : 
.•. ^^ca = Z.obd ; 
.*. Aaeb is similar to ^ abd, 

JKf.-«-And, what are the homologous sides, in these 
triangles ? 

P, — a e, a b, and e by are homologous to ab^ ady and 
d by respectively. 

M, — What proportion results from the first pair of 
these homologous sides ? 

P. ae :ab::ab :ad. 

M, — And what equality, therefore, exists between 
the rectangles contained by the extremes and meiuis 
of their proportion ? 

P. — The rectangle a e, a<f = rectangle a by a d, — 
that is, rectangle acy ad :=ab^, 

ilf.— Express this equality in words. 

P, — If, from a point without a circle, two straight 
lines be drawn, whereof one is a tangent and the other 
cuts the circle, the rectangle contained by the line 
which cuts the circle and by the part of it without the 
circle is equal to the square of the tangent 

M. — If, then, from the same point without a circle, 
several straight lines be drawn cutting the circle, 
what may be said of the rectangles contained by each 
of them and by its corresponding segment without the 
circle? 

P. — They are equal to each other. 
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Draw a By a, tangent : 

/. rectangle ab, af=zae^; 

and rectangle acyog^^ae^; 

and rectangle ady ah^a^x 

.*. these rectangles are equal to each other. 

JKf. — If two tangents be drawn, rwt from the same 
point without a circle, ascertain the manner in which 
they may be drawn. 

P. — ^They may be drawn either parallel to each 
other, or not. 

If they are parallel, the straight line which joins 
their points of contact passes through the centre of 
the circle. /\ 
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Let abbe parallel to df; 

from Cy the centre^ dr&w eg to the point of contact ; and 
produce gc to k, a, point in the tangent df: 
then, ••• ^cgbiBSLTt ^, 
and, '.* a 6 is parallel to df, 
.*. 2I c kfia likewise a rt. ^ : 

and .*• the point h is the point of contact of the tan- 
gent df. 

When the tangents are not parallel, they meet if 
produced, and the parts of them between the points of 
contact and their common point of intersection are 
equal to each other. (As before.) 

M, — Now, determine the manner in which three 
tangents, from three different points, may be drawn to 
the circle ; and ascertain the truths which result from 
their different relations. 

P. — Only two of them may be parallel, — the third 
not being so. 



In that case. 



a e 




e 



ae-h cf=af; 

•.• ae=ieb, and cf=ifb, 

Also, /_ abc is art, /i ; 
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because a straight line joining the points, a, Cy is a dia- 
meter : « 
.'. the arc a c is a semi-circumference ; 
and .'. ^ a 6 c is a right angle. 




M, — But, if J is the centre of the circle, what kind 
of angle is Z. edf? 

P, — It is a right angle. 
Join ac and db: 

then, '•• ac and cf are tangents^ and parallel to each 
other ; 

•*• a c passes through the centre d; 
also *.* ae = eby and Je is common to Asaedy bed, 
the rt. ^ rfa e = rt, ^dbe; 
.'. A aed=s Abed, and .*. j^edb=^ ^eda; 
sii^ilarly, /^fdb = ^fdc; 
and, /.whole ^edfr=> /^s eda +fdc: 
;•. Z. ««^/== J of 2 rt Z.s = one rt. ^. 

If they are not parallel to each other, they will 
form a triangle, when produced. 

M. — How would you distinguish, in words, a tri- 
angle formed by tangents drawn to the circle, from a 
triangle formed by chords in the circle. 
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P. — I would say that, the former is circumscribed^ 
•r, described, about the circle; that the latter is tn- 
scrUfed in the circle. 



This paragraph, it is hoped, will suffice to show how 
pupils may be induced to continue their investiga- 
tions of the various mutual relations of three, four, &c. 
tangents. The results of such inquiries are, at this 
stage, important so far only as they serve as means of 
imprinting, permanently, on their memory those geo- 
metrical truths which they have pre-established, with- 
out encumbering it with an additional weight. The 
investigation of the mutual relations of circumscribed 
and inscribed figures is, for learners so young, frequent- 
ly, too prolix, and, therefore, not of a kind that may be 
continued with sustained interest. Far more impor- 
tant, moreover, are the truths resulting from a com- 
bination of several circles, — the study of which is, 
the method of constructing Rectilinear Figures. 

SUBSTANCE OF SECTION III. 

1. If, from a point without a circle, straight lines be 
drawn cutting the circle, the greatest is that which 
passes through the centre; and of the others, that 
which is nearer to the one in which is the centre, is 
less than one more remote. 

2. Also, a pair of equal straight lines may be drawn 
to a circle from the same point without the circle, one 
on each side of the greatest line. 

8. If, from a point without a circle, straight lines be 
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drawi^ to meet the circumference, the least is that 
which, when produced, passes through the centre; 
.and of the others, that which is farther from the least 
line is greater than one nearer to it. 

4. The straight line joining the centre of a cir- 
cle and the point of contact of a tangent is at right 
angles to the tangent. 

5. The straight line joining any two points in 
the circumference of a circle is within the circle. 

6. A tangent touches a circle in one point only. 

7. If, from the point of contact of a tangent, a 
straight line be drawn cutting the circle, the angles 
which it makes with the tangent are equal to the angles 
upon the adjacent arcs. 

8. From the point of contact of a tangent, no straight 
line can be drawn between the tangent and the cir- 
cumference which does not cut the circle. 

9. Two tangents from the same point, without a 
circle, are equal to each other. 

10. If, from a point without a circle, two straight 
lines be drawn whereof one is a tangent and the other 
cuts the circle, the rectangle contained by the line 
which cuts the circle and by the part of it without 
the circle is equal to the square of the tangent. 

11. If, from the same point without a circle, several 
straight lines are drawn cutting the circle^ the rect- 
angles contained by each of them and by its correspond- 
ing part without the circle are equal to each other. 

12. If two tangents are parallel to each other, the 
straight line joining their points of contact passes 
through the centre. 
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SECTION IV. 

TWO CIRCLES. 

The object of this paragraph is the investigation of 
such truths as arise from the various combinations of 
two circles. 

The order in which the branches of this subject 
naturally present themselves to the contemplation of 
the mind is the following : first — two circles txmchmg 
each other ; next, two circles €U intersecting each other ; 
and, thirdly, the results of these investigatians as appli- 
cable, in combination with those of the preceding 
paragraphs, to the solution of problems. 

M. — ^What may be said of the equality of two circles, 
generally ? 

P. — Two circles may be either equal to each other, 
or they may not be equal tO each other. 

M. — Ascertain the various ways in which two equal 
circles may be applied to each other. 

P, — The centre of the one may be put upon the cen- 
tre of the other ; and then, because the circles are equal 
to each other, their circumferences must coincide. 

If the centre of one of the circles be not put upon 
the centre of the other, their circumferences may cut 
each other, or touch each other, or, neither cut nor 
touch each other. 

If two circles cut each other, they cannot cut each 
other in more than two points. 
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a 




Let e be the centre of the circles adb, be a; and let 
a, b, be two points of intersection : 
.'. cazzcby and, from c, no other straight line equal to 
ca or cb can be drawn to the circumference of the 
circle aeb^ unless the point c is> likewise, the centre 
of the circle aeb. 

If two circles touch each other, they can have only 
one point of contact. 




c ^~" — ' d 

Let 5 be a point of contact of the circles aba and 
bed; 

draw 6/ to the centre, 
and bk SLtrL ^s to bf^ 
and produce/^.* 
.". Z 8 A bf and A 6^ are rt. ^s, 
and .% bg passes through the centre of the circle bhe. 
And, these circles cannot have another point of con- 
tact besides the point 6; because /A + kgis greater 
than/^. 

From this it follows, that, if two circles touch each 
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Other externally, the straight line joining their cen- 
tres passes through the point of contact. 

If two unequal circles neither cut nor intersect each 
other, they may be so placed that the centre of the 
one shall be upon the centre of the other.* 




M. Well,— such circles are called concentric circles. 

P. — Or, they may be so placed that their centres are 
not the one upon the other. 

If two unequal circles touch each other internally, 
they can have only one point of contact. 




Let a be a point of contact ; 

* Here and in other places, copious answers or statements are 
set-down as flowing, apparently, from om question, though actually, 
perhaps, resulting from several queries, hints, and helps,— -the inser-^ 
tion of which would, to the discerning and competent instructor, be 
both tedious and useless. 
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draw a c to the centre of the circle a dfy 
draw a 6 at right angles to a c, 
and produce ac: 
then V ^ 6a c is a rt. ^l* 
/. ha touches the circles afd and aegy 
and .*• a o, produced, passes, likewise, through the cen- 
tre, A, of the circle a eg. 

Moreover, these circles cannot have another point of 
contact besides the point a; for, a straight line drawn 
from any other point k, in a by through c, cannot like- 
wise pass through the point m. 

Hence it follows, that, if two circles touch each 
other internally, the straight line joining their centres 
passes through the point of contact. 

Obs, — Most of the preceding truths may be consi- 
dered almost as axioms ; and, like all axioms, they 
may be clearly established, by assuming the contrary 
to be true, and, then, showing the absurdity result- 
ing from the supposition. In order to show, for in- 
stance, that two circles, which cut each other, can- 
not cut each other in more than two points, the con- 
trary may be assumed, — namely, 
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that the circumference a bee can cut the circum- 
ference ahef'm more than two points, — in a, by c. 

Let d be the centre of the circle abcfy 
and join rfa, dby dc ; 
.\da=zdb zzdey 

and •*. the point d is, likewise, the centre of the circle 
abee : ^ 

but, two circles which eut each other cannot have the 
3ame centre ; 

therefore, the assumption (that two circles can cut 
each other in more than two points,) is erroneous ; 
and, since it is an error to assume anj number of 
points except twoy it follows, that (wo circles can cut 
each other in two points only. 

It may be, here, remarked that, as an tAseftd exer- 
ctscy the master should require the pupils, to draw 
lines, in certain directions, in circles which inter- 
sect or touch each other, and, then, to discover such 
truths as necessarily follow therefrom. 

An exercise of greater importance, however, is the 
application of the properties of the circle to the con- 
struction of rectilineal figures. The best course of 
proceedings in this and every case, is that in which the 
subject nataraUy presents itself, of which the follow- 
ing outlines are offered for the guidance of the master. 

I. STRAIGHT LINES. 

It is required, 

1. To draw a straight line equal to a given straight 
line. 

2. To draw two, three, four, &c. straight lines equal 
to a given straight line. 
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3. To bisect a given finite straight line. 

4. To draw a straight line at right angles to a given 
straight line. 

5. To draw a straight line at right angles to a given 
straight line from a given point, in the same. 

6. To draw a straight line at right angles to a 
straight line from a given point without it. 

7. To draw a straight line parallel to a given straight 
line. 

8. From a given point, to draw a straight line parallel 
to a given straight line. 

II. — ANGLES. 

It is required, 

1. To make a right angle. 

2. To make an obtuse angle. 

3. To make an acute angle. 

4. To make an angle equal to a given angle. 
. 5. To bisect a given angle. 

III. TRIANGLES. ' 

It is required, 

1. To describe a right-angled triangle. 

2. To describe an obtuse-angled triangle. 

3. To describe an acute-angled triangle. 

4. To make a given finite straight line the side 
opposite to the right angle,* in a right-angled triangle. 

5. To make a given finite straight line one of the 
sides containing the right angle, in a right-angled tri- 
angle. 

* Hypotenuse [pTorUewa, Gr.]. 
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6. To describe an equilateral triangle. 
7* Upon a given finite straight line^ to describe ao 
equilateral triangle. 

8. ^0 describe an isosceles triangle. 

9. To make a given finite straight line the base of 
an isosceles triangle. 

10. What requisites must three straight lines have, 
in order to become the sides of a triangle ? 

11. With three given straight lines, (under the re- 
striction in question,) to construct a triangle. 

IV. — QUADRILATERAL FIGURES. 

It is required, 

1. To describe a square. 

2. To describe a rhomb. 

3. To describe a rectangle. 

4. To describe a parallelogram. 

5. Upon a given finite straight line, to describe a 
square. 

6. To make a given finite straight line the diagonal 
of a square. 

7. To make a given straight line the diagonal of a 
rhomb, — of a rectangle, — of a parallelogram. 

V. — POLYGONS. 

It is required, 

1. To describe a pentagon [not an equilateral and 
equiangular pentagon].* 

* This problem is proposed, now, in order to stimulate inquiry : 
it solution should be learnt from Euclid. 
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2. To describe a regular hexagon. 

3. Upon a given straight line, to describe a regular 
hexagon. 

VI*— CIRCLES. 

It is required, 

1. To ^nd the centre of a given circle. 

2. [What requisite must a given straight line have 
in order to be a chord in a given circle?] 

3. With the restriction in question, to place a given 
straight line in a given circle. 

4. To place a right angle in a given circle so 
that its vertex may be in the circumference of the 
circle. 

5. To describe a circle about a right-angled tri- 
angle. 

6. To describe a circle about an obtuse-angled tri- 
angle. 

7. To describe a circle about an acute-angled tri- 
angle. 

8. At a given point in the circumference of a circle, 
to draw a tangent. 

9. From a given point without a circle, to draw a 
tangent. 

10. In a right-angled, obtuse-angled, and acute^ 
angled triangle, to inscribe a circle. 

11. In a given circle, to inscribe a square. 

12. About a given circle, to describe a square. 

13. In a given square, to inscribe a circle. 

14 About a given square, to describe a circle. 
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15. In a given circle, to inscribe a rectangle. 

16. [Can a rectangle be described about a given 
circle ?] 

17. [Can a rhomb be inscribed or described about 
a given circle ?] 

18. [Under what restrictions can a quadrilateral 
figure be inscribed in a given circle ?] 

19. To inscribe a circle in a given regular pentagon. 

20. To describe a circle about a given regular pent- 
agon. 

21. In a given circle, to inscribe a regular hexagon. 

22. About a given circle, to describe a regular hexa- 
gon. 

23. In a given regular hexagon, to inscribe a circle. 

24. About a given regular hexagon, to describe a 
circle. 

If care be taken to follow the order here adopted, 
the pupils will not experience many or great difficulties, 
in finding-out the solutions of these problems. It is 
obvious, that an almost endless variety of seasonable 
exercises may be devised; and, to stimulate inquiry 
and beget a liking for mathematical pursuits,* the 
pupils should, frequently, be encouraged to challenge 
each other to the solution of problems of their oum 
proposal or selection. 



Having proceeded through this rudimental course, 
the pupils of Cheam-school commence the study of 
Euclid's Elements. The definitions, axioms, and pos- 
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tulates of Book I. which have been already fully discuss- 
ed in the course of these preparatory lessons, are now 
dictated, seriatim, to the pupils, and committed to 
memory. The first problem is next submitted to the 
class, to be worked out by them, and the pupil who 
first succeeds in finding the demonstration, is desired 
to advance to the school-slate, and pronounce it aloud 
to his class-fellows. These, again, each in his turn, 
give an oral demonstration, — which they then write 
out, at length, on their own slates, — the master cor- 
recting the errors and supplying the defects. Af^er 
having proceeded, in this manner, through Book I. 
II. III. IV. V. VI. XI., each pupil is provided with a 
copy of the Elements of Ettclid, that he may repeat 
the course, and become thoroughly familiar with the 
elements of the science. For this purpose a certain 
portion of time is set apart; but he still carries forward 
his Mathematical studies in the departments of Alge- 
bra, Trigonometry, Conic Sections, &c. — To these 
studies he brings a mind thoroughly versed in all the 
preceding steps, trained to Mathematical inquiry, 
and habituated to the processes of Mathematical de- 
monstration. 



THE END. 
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Lessons on Shbixs. Fcp. 8vo. with Plates, St, 6(2. 



EDUCATIONAL MODELS, &c. 

SOLD BY 

TAYLOR AND WALTON, 28, UPPER GOWER-STREBT. 



Dlaorams in Metal, to illustrate Mr. Reiner's Lessons on 
Form. 

Diagrams in Mbtal, to illustrate Dr. Lardnbr's Euclid. Solid 
Geometry, Book I. The set of Nine in a Box. Price 7s. 6d, 

A Relief Map, in Papier M^h6, of Kent, Surrey, Sussex, 
Middlesex, and parts of Buckinghamshirb and Essex, on a scale 
of half an inch to a mile, the elevations at the rate of half a line to 
every hundred feet of altitude. (^In a forward state of preparation.) 

An Instrument for Teaching Geometry, convertible into a 
Theodolite, Spirit Level, Hadley's , Sextant, and WoUaston's Gonio- 
meter. Price 2L I2s. 6d. 

Casts in Plaster from thb Elgin Marbles. The set in a box^ 
Price £1.10*. 

Portable Laboratory and Chemical Test-Box, containing the 
Apparatus, &c. recommended by Dr. D. B. Reid ; prepared by John F. 
Macfarlan, Surgeon-Apothecary and Chemist,'Edinburgh. Price £2, 5s. 
*/ Smaller Boxes at 7s. 6d. and 10s. 6d. each. 

Diagrams i|« Metal, to illustrate Dr. Ritchie's Geometry. 
{Preparing,) 

Dried Specimens of British Plants; arranged according to 
the Natural Orders, containing from Sixty to Sixty-five Oitlers. In 
"^rice 10s. 6d. the large size -, 8s. the small. 



JAMES WALTON, 

!50oft0eller anti Publtaljer to janifaergitg CoIUse, 

137, GOWER STREET. 



Natural Science. 

THE ELECTRIC TELEGRAPH. By Dr. 

Lardner. New Edition. Revised and re-written by 
E. B. Bright, F.R.A.S., Secretary of the British and 
Irish Magnetic Tel^raph Company ; containing full 
information, in a popular form, of Telegraphs at 
home and abroad, brought up to the present time ; in- 
cluding Descriptions of' Railway Signalling Apparatus, 
Clock Regulating by Electricity, Admiral Fitzroy s System 
of Storm Warning, &c. 140 Illustrations. Small 8vo. 
Cheaper Edition^ is. 6d. cloth lettered. 
" It is capitally edited by Mr. Bright, who has succeeded in making 

g^is one of the most readable books extant on the Electric Telegraph, 
n the ground it takes up it is quite exhaustive ; and he who will care- 
fully read the work before us, and can retain its chief facts in remem- 
brance, may well be considered thoroughly posted up in all that 
appertains to the Electric Telegraph to ^zX&P— English Mechanic. 

HANDBOOK OF ASTRONOMY. By Dr. 
Lardner. Third Edition. Revised and completed to 
1867. By Edwin Dunkin, F.R.A.S., Superintendent 
of the Altazimuth Department, Royal Observatory, Green- 
wich. 138 Illustrations. Small 8vo., 7s. 6d. 
** It is not very long since a lecturer was explaining some astronomical 
facts to his pupils ; and in order to set the matter clearly before them, he 
referred to more than one large and important volume on the subject, 
but without a decidedly satisfactory result. One of the pupils, however, 
produced from his pocket a small unpretending work (Dr. Lardner*s 
Handbook), and that which a lengthy paragraph in the large work had 
failed to make clear, was completely elucidated in a short pimy sentence 
in the small book. A Third Edition of die well-known Handbook 
of Astronomy is now before us. We can cordially recommend it as 
most useful to all those who desire to possess a complete manual of 
the science and practice of astronomy in a portable and inexpensive 
form." — Astronomical Reporter, 

NATURAL PHILOSOPHY FOR SCHOOLS. 

By Dr. Lardner. 335 Illustrations. Eleventh Thousand, 
Revised and Edited by T. Olver Harding, B.A. Lond., 
of University College, London, i Vol. 3s. 6d. 
"This will be a very convenient class-book for junior students in 
private schools. It is intended to convey, in clear and precise terms, 
general notions of all the principal divisions of Physical Science, illus- 
trated largely by diagrams. ITiese diagrams exhibit the forms and 
arrangement of apparatus, and the manner of performing the most im- 
portant experiments." — British Quarterly Review. 
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Natural Science. 

HANDBOOK OF ELECTRICITY, MAGNE- 
TISM, AND ACOUSTICS. By Dr. Lardner. 
Seventh Thousand. Revised and completed to 1866 by 
George Carey Foster, F.C.S., Fellow of and Pro- 
fessor of Physics in University College, London. 400 Illus- 
trations. Small 8vo, 5s. 

** The book could not have been entrusted to anyone better calculated 
to preserve the terse and lucid style of Lardner, while correcting his 
errors, and bringing up his work to the present state of scientific know- 
ledge. All we can say of the Editor's actual labours, is, that he has 
added much new matter to the old text, and that he has modified some 
of Dr. Lardner's statements in accordance with currently accepted 
doctrines and recent investigations. The work addresses itself to those 
who, without a profound knowledge of Mathematics, desire to be familiar 
with experimental physics, and to such we especially recommend it" — 
Poplar Science Review. ^ 

HANDBOOK OF OPTICS. By Dr. Lardner. 

Sixth Thousand. Edited and Completed to 1868 by T. 
Olver Harding, B.A., Lond., of University College, 
London. 298 Illustrations. Small 8vo, 5s. 

HANDBOOK OF MECHANICS. By Dr. Lard- 
NER. Seventh Thousand. 357 Illustrations. Sm. 8vo, 5s. 

HANDBOOK OF HYDROSTATICS, PNEU- 
MATICS, AND HEAT. By Dr. Lardner. Seventh 
Thousand. 292 Illustrations. Small 8vo, 5s. 

•»* The above 4 Volumes fortn a Complete Course of Natural 
Philosophy. 

A FIRST BOOK OF NATURAL PHILO- 
SOPHY ; an Introduction to the Study of Statics, Dyna- 
mics, Hydrostatics, Optics, and Acoustics, with numerous 
Examples. By Samuel Newth, M.A., Fellow of 
University College, London. Eleventh Thousand, with 
large additions. i2mo, 3s. 6d. 

*«* This work embraces all the subjects in Natural Philos(n>hy re- 
" . . - . — . . 3f £on- 

re-written, 
^ , raplified 

been introduced and new examples have been added. 



quired at the Matriculation Examination of the University of London. 
The present edition has been to a large extent re-written, the points 
found to present most difficulty have b«en simplified, fresh matter has 



NEWTH'S ELEMENTS OF MECHANICS, 

including Hydrostatics, with numerous Examples. Fourth 

Edition. Small 8vo, 8s. 6d. 

*«* The First Part containsall the subjects in Mechanics and Hydrostatics 

required for the B. A and B.Sc. Exammations of the Universityof iiondon. 
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AN ELEMENTARY TREATISE ON ME- 
CHANICS, foT the Use of the Junior University Students. 
By Richard Potter, A.M., late Professor of Natural 
Philosophy in University College. Fourth Edit 8s. 6d. 

POTTER'S TREATISE ON OPTICS. Part I. 

All the requisite Propositions carried to First Approxima- 
tions, with the construction of Optical Instruments. Third 
Edition. 8vo, 9s. 6d. 

Part II. The Higher Propositions, with their applica- 
tion to the more perfect forms of Instruments. Svo, 12 s. 6d, 

POTTER'S PHYSICAL OPTICS; or the Nature 
and Properties of Light A Descriptive and Experimental 
Treatise. 100 Illustrations. 8vo, 6s. 6d. 

A GUIDE TO THE STARS. Eight Planispheres, 
showing the Aspect of the Heavens for every Night &vo, 5 s. 

COMMON THINGS EXPLAINED. By Diony- 

sius Lardner, D.C.L. Containing: Air — Earth — Firt 
— Water — Time — ^The Almanack — Clocks and Watches — 
Spectacles — Color — Kaleidoscope — Pumps — Man — The 
Eye — The Printing Press — The Potter's Art— Locomotion 
and Transport — ^Tjie Surface of the Earth. 233 Cuts. .5s. 

STEAM AND ITS USES. By Dionysius Lard- 
ner, D.C.L. 89 Illustrations. 2s. 
POPULAR GEOLOGY. By Dr. Lardner. 201 

Cuts. 2s. 6d. 

POPULAR ASTRONOMY. By Dr. Lardner. 
Containing : How to Observe the Heavens — Latitudes and 
Longitudes— The Earth— The Sun — The Moon — The 
Planets : are they Inhabited ? — The New Planets — Lever- 
rier and Adams's Planet — The Tides — Lunar Influences — 
The Stellar Universe — Light — Comets— Cometary Influ- 
ences — Eclipses — Terrestrial Rotation — Lunar Rotation- 
Astronomical Instruments. 182 Illustrations. 4s. 6d. 

POPULAR PHYSICS. By Dr. Lardner. 85 
Illustrations. 2S.6d. 

THE MICROSCOPK By Dr. Lardner. 147 

Cuts. 2S. 
THE BEE AND WHITE ANTS. Their Man- 
ners and Habits. By Dr. Lardner. 135 Illustrations. 2S. 

*«* Theahcvt 7 Vols, are from the *^ Museum of Science and Art,^ 
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HENRY'S GLOSSARY OF SCIENTIFIC 
TERMS for General Use. i2mo, 3s. 6d. 

** To students of works on the various sciences, it can scarcely fail 
to be of much service. The definitions are brief, but are, nevertheless, 
sufficiently precise and sufficiently plain; and in all cases the etymologies 
of the terms are traced with care." — National Society s Monthly Paper. 



Chemistry. 



DR. HOFMANN'S MODERN CHEMISTRY. 

Experimental and Theoretic. Small 8vo, 4s. 6d. 

" It is in the truest sense an introduction to chemistry; and as such it 
possesses the highest value— a value which is equally great to the 
student^ new to tne science, and to the lecturer who has spent years in 
teaching \ty— Reader. 

BUNSEN'S GASOMETRY : comprising the lead- 
ing Physical and Chemical Properties of Gases, with the 
Methods of Gas Analysis. By Dr. Roscoe. 8vo, 3s. 6d. 



Baron Liebigs Works. 

"Liebig has built up on imperishable foundations, as a connected 
whole, the code of simple general laws on which regenerated agricul- 
ture must henceforth for all time repose." — International Exhwition 
Report, x86a. 

THE NATURAL LAWS OF HUSBANDRY. 
8vo, 10s. 6d.--Contents :— The Plant—The Soil— Action 
of Soil on Food of Plants in Manure — Farm- Yard Manure 
— System of Farm- Yard Manuring — Guano — Poudrette — 
Human Excrements — Earthy Phosphates — Ground Rape 
Cake — Wood- Ash— Ammonia and Nitric Acid — Common 
Salt — Nitrate of Soda — Salts of Ammonia — Gypsum and 
Lime. 

FAMILIAR LETTERS ON CHEMISTRY, 

in its Relations to Physiology, Dietetics, Agriculture, 
Commerce, etc. Fourth Edition. Small 8vo, 7s. 6d. 

LETTERS ON MODERN AGRICULTURE. 

Small 8vo, 6s. 

'* I am desirous to make the educated men of the nation acquainted 
with the principles which have been established by Chemistty in connec- 
tion with the nutrition of plants, the conditions of the fertility of soils, 
and the causes of their exhaustion." — From the Author's Preface. 
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In a New and El^ant Binding far a Present, 

In 6. Double Volumes, handsomely bound in cloth, with gold 
ornaments and red edges, Price £i is. 

LARDNER'S MUSEUM OF SCIENCE AND 
ART, containing: — ^The Planets; are they inhabited 
Worlds? — Weather Prognostics — Popular Fallacies in 
Questions of Physical Science — Latitudes and Longitudes — 
Lunar Influences — Meteoric Stones and Shooting Stars — 
Railway Accidents — ^Light — Common Things : Air — Loco- 
motion in the United States — Cometary Influences — Com- 
mon Things: Water — ^The Potter's Art— Common Things: 
Fire — Locomotion and Transport, their Influence and 
Progress — The Moon — Common Things : the Earth — The 
Electric Telegraph— Terrestrial Heat— The Sun— Earth- 
quakes and Volcanoes — Barometer, Safety Lamp, and 
Whitworth's Micrometric Apparatus — Steam— The Steam 
Engine — The Eye — ^The Atmosphere — Time— Common 
Things : Pumps— Common Things : Spectacles, the Kalei- 
doscope — Clocks and Watches — Microscopic Drawing and 
Engraving — Locomotive — Thermometer — New Planets : 
Leverrier and Adams's Planet — Magnitude and Minuteness 
— Common Things: the Almanack — Optical Images — 
How to Observe the Heavens — Common Things : the 
Looking-glass — Stellar Universe — The Tides — Colour — 
Common Things: Man — Magnifying Glasses — Instinct 
and Intelligence — The Solar Microscope— The Camera 
Lucida — The Magic Lantern — The Camera Obscura— The 
Microscope — ^The White Ants ; their Manners and Habits 
— The Surface of the Earth, or First Notions of Geography 
—Science and Poetry— The Bee— Steam Navigation— 
Electro-Motive Power— Thunder, Lightning, and the Au- 
rora Borealis— The Printing Press— The Crust of the Earth 
— Comets — The Stereoscope— The Pre- Adamite Earth — 
Eclipses — Sound, 

" The * Museum of Science and Art* is the most valuable contribution 
that has ever been made to the Scientific Instruction of every class of 
society." — Sir David Brewster in the North British Review. 

" The whole work, bound in six double volumes, costs but the price of 
a Keepsake; and whether we consider the libarality and beauty of the 
illustrations, the charm of the writing, or the durable interest of the 
matter, we must express our belief that there is hardly to be found among 
the new books, one that would be welcomed by people of so many ages 
and classes as a valuable present" — Examiner. 

•«* The Work mav also be had in \i single Volumes i8j. Ornamental 
Boardst or handsomely half -bound moroccot ^ Volumes, £x zis. 6d, 



Printed for James Walton^ 137, Gcwer Street, 



Popular Physiology. 

ANIMAL PHYSIOLOGY FOR SCHOOLS. 
By Dr. Lardner. With 190 lUnstratioiis. Second 
Edition. I voL 3s, 6d. 



Professor De Morgan's Works, 

ELEMENTS OF ARITHMETIC. By Augustus 
De Morgan, late Professor of Mathematics in University 
Collie, London. Eighteenth Thousand. Small 8vo, 58. 

FORMAL LOGIC ; or, the Calculus of Inference, 
Necessary and Probable. 8vo, 6s. 6d. 

SYLLABUS OF A PROPOSED SYSTEM OF 
LOGIC. 8vo, IS. 

Mathematical Works and Tables. 

NEWTH'S MATHEMATICAL EXAMPLES; 

a Graduated Series of Elementary Examples in Arithmetic, 
Algebra, Logarithms, Trigonometry, and Mechanics. 
Crown 8vo, &, 6d. 

TABLES OF LOGARITHMS COMMON AND 
TRIGONOMETRICAL TO FIVE PLACES. Under 
the Superintendence of the Society for the Diffusion of 
Useful Knowledge. Fcap. 8vo, is. 6d. 

FOUR-FIGURE LOGARITHMS AND ANTI- 
LOGARITHMS. On a Card, is. 

BARLOWS TABLES OF SQUARES, CUBES, 
SQUARE ROOTS, CUBE ROOTS AND RECIPRO- 
CALS of all Integer Numbers up to 10,000. Royal i2mo,8s. 

LESSONS ON FORM ; an Introduction to Geo- 
metry, as given in a Pestalozzian School, Cheam, Surrey. 
By Charles Reiner. i2mo, 3s. 6d. 

" It has been found in the actual use of these lessons, for a consider- 
able period, that a larger average number of pupils are brought to study 
the Mathematics with decided success, and that all pursue them in a 
superior manner.'*— i?^«/. Dr. Mayo. 
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LESSONS ON NUMBER ; as given in a Pesta- 
lozzian School, Cheam, Surrey. By Charles Reiner. 
The Master's Manual. New Edition. i2mo, cloth, 5s. 

A COURSE OF ARITHMETIC, as Taught in 

the Pestalozzian S chool, Worksop. By J. L. Ellen BERGER. 
Post 8vo, 5s. 

Logic. 

ART OF REASONING: a Popular Exposition 
of the Principles of Logic, Inductive and Deductive. By 
Samuel Neil. Crown 8vo, 4s. 6d. 

AN INVESTIGATION OF THE LAWS OF 
THOUGHT, on which are founded the Mathematical 
Theories of Logic and Probabilities. By the Late George 
Boole, LL.D., Professor of Mathematics in Queen's 
College, Cork. 8vo, 14s. 

Monetary History of England. 
THE MYSTERY OF MONEY Explained and 

Illustrated by the Monetary History of England from the 
Norman Conquest to the present time. 8vo, 7s. 6d, 

Economy in Food. 

DR. EDWARD SMITH'S PRACTICAL DIET- 
ARY FOR FAMILIES, SCHOOLS, AND THE 
LABOURING CLASSES. Fourth Thousand. Small 
8v«, 3s. 6d. 

Chap. I. Elements of Food which the Body requires. — 
II. What Elements can be supplied by Food. — III. Qual- 
ities of Foods : Dry Farinaceous Foods — Fresh Vegetables 
— Sugars— Fats, Oil, &c. — Meats— Fish — Gelatin — Eggs — 
Cow's Milk— Cheese — Tea and Coffee — Alcohols— Condi- 
ments. — IV. Dietary for Families — Infancy — Childhood — 
Youth— Adult and Middle Life— Old Age.— V. Dietary in 
Schools. — VI. Dietary of the Labouring Classes — Present 
Mode of Living— Most suitable Dietary — Best arrangement 
of Meals— Specimens and Proposed Dietaries. — VII. Diet- 
ary of the Labouring Classes. Cooking Depots and Soup 
Kitchens. 

** Dr. Smith's book is by far the most useful we have seen upon all the 
practical questions connected with the regulation of food, whether for 
individuals or families." — Saturday Review. 
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Sir George Ramsafs Works. 

THE MORALIST AND POLITICIAN; or, 

Many Things in Few Words. Fcap 8vo, doth, 5s. 

"A book which reminds us in its style of some parts of Coleridge's 
'Aids to Reflection,' without affecting to emulate its power. Without 
being profound, it is thoughtful and sensible.*' — Notes and Queries* 

INSTINCT AND REASON ; or, The First Prin- 
ciples of Human Knowledge. Crown 8vo, 5s. 

PRINCIPLES OF PSYCHOLOGY. 8vo, ios.6d. 

'Drawtng. 

LINEAL DRAWING COPIES for the Earliest 
Instruction. 200 subjects on 24 sheets mounted on 12 
pieces of thick pasteboard. By the Author of " Drawing 
FOR Young Children " 5s. 6d. 

By the same Author: 

EASY DRAWING COPIES FOR ELEMEN- 
TARY INSTRUCTION. Simple Outlines without 
Perspective. 67 Subjects. Price os. 6d. 
Sold also in Two Sets: 
Set I. Price 3s. 6d. Set 11. Price 3s. 6d. 

PERSPECTIVE: ITS PRINCIPLES AND 
PRACTICE. By G. B. Moore, Teacher of Drawing in 
University College. In Two Parts. Text and Plates. 
8vo, cloth, 8s. 6d. 



Singing. 



THE SINGING MASTER COMPLETE, i vol 

8vo, 6s. cloth. 
I. First Lessons in Singing, and the Notation of Music. 
8vo, IS. 
II. Rudiments of the Science of Harmony. 8vo, is. 

III. The First Class Tune Book. 8vo, is. 

IV. The Second Class Tune Book. 8vo, is. 6d. 

V. The H)nnn Tune Book. 70 Popular Psalm and 
Hymn Times. 8vo, is. 6d. 
•»* A ny Part may be purchased separately, 

WBRTHEIMBR, LBA AND CO., PRINTERS, FINSBURY CIRCUS. 
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